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A bstract
Thl' l'torr~ s of recnnstruetiug " I·" luli llllnr.\· lr,~ ", f a ll lu- \'i,,\\",',l for-
mally as an optimizatiou prnhk- m. Ill't'l' lIll,\", , l " " i ~itl tl 1't"hh'l\ls ; \ ~"' '' ' i il l , ~1
with t llr most r OIl Il\10111.\· lI'l' d apprnarhes I" rt't'''lI~l rlir li ll~ sur-h h, 't'~
I'; rill'l , I\Mllfi ]. III t his tlll'sis. ;, fr;llr lt'WIIT ~ i ~ ,...hhlis lll't1 Ihilt ill....r l' ''
ra t es all ' lid , l' tohlr ms stllllj,·d I" da"'. \ \ 'ith iu l his Iraun-wnrkctln- NI'·
ro mp lr trll("ss rosults fo r dcr-lsinn l'r nhl('lIIs atl ' '''~I"tlll,·t1 IW ;' I' I , I .\' i ll ~ 11" '11
roms from [Ct'm, GilSl'lij, G I.;rl!I:l, ,IVVN(;,I\ST.'HJ, I' r,'I'lIl,S"!!l l j t,,, I" ri\' "
bounds 0 11 t hr-rcmpu tatioual rOllllJ[,'xit .\, nf s"\' ,'r;,1 flllldi" ns ; , ~ ",d ;ot " ,1
wit h rnr h of tluw prnh l"ll\s , umnoly
• I',,/llli'm /tmdi,m.~, whk-hreturn i111 "p lh llHI tr ,'t·,
• ",HtrmillY/llIl clifJ/t.~, which 1','111 1'11 ti l" 1I11 11l1\f'r nf"l' tilnal lr""s ,
• {'llUlIlcm!i'J11 /lIIW lir m.•, which sy, t "IlI;,tira lJ.v ,·t1I1 IIl"r;II,· ;,11 "I ,I,irll;,1
l r('r S, illlll
• mllllom ·"dtdilJlI /ufldiml .~, whlch return a rilllll" IIII,V. sr·I,·f1.",J 11"111
her Ort he sot of optlmal t r....s.
where appllc able , bonnds a re als n presout-d f"rlll"VI'rsi'ms " ftl",,, · rurw·
uous l lmt aT~ rest rict ed 10 t rt....s "r a ~iv"n rlls t II r uf n ISI I,'ss tllan II I'
gr(,iltc r tha n a given limit. III, sl'l l in Pli Tt Oil t l" ,S'· r " ~ lI lt ~ "11,1 l IH~,r"IU ~
from [11 1190, GJ7 9, KMW lI , Krl'lllij. bounds 'W' d"riv,~l lin how r h",·l y
1'.. IYIl" lII i ll l· ti lrl l' dl~"ri llllllS ran a"I'rtllhll ll tl' fll.th ulIl tl"f'f"l. III (lar t inl-
' ..t . it i" "I"tW·,lIsilt.l:tll,. Wl"l'nt""'HII.....rl /\1J.1 SS~:llt ll . 11I.. 111I,·l~
i ii
Aek uow ledgemeuts
to ut lll'rs: tl lis is pa rl inl l,lI']y Inil' ,,[ ~r'l<lllll l ,' slllOlt 'II 1.~ . ~ I.I" '11',,1".c.i.,s I.. 11 1'' ' '
WhUSI' [n-lp I h,,\'t, for~IJU t't1 10 or l1il11lul mr-utiuu. Their variuns Idll.lu.,ss.'s IIllls1
hf' ark nllwlc,.lg,,,1I>y ti ll' [il l"!, lIwl ] run, at last , \\'rilin,l!; t h,'sl' l...kll U\\'I"t1.c." lrWllts .
I woul,lli kt, In Ihank 1110' Sdl ulJl uf (:rillll l;1l,. , Stll,li. 's, {,III'AllIllllli Ass,...j"ti"u
of ~ l('n lOri al tl lliVt"TSilyof i\"'WfullllO ltillul, Willialrl ]),Iy , illlil Wlo.I,' k 'l.1I1"' I'I'k [ur
tlu- fl u aneial itSSist il lll '(' uuder whk-ltl f'nrr ipd lIul, l1ll' lirst. t.W"y"ilfS" fl1l,vst lldi,'s,
For ti ll' past t wo yf'flr,S,I have- ht"'11 \'O'1'y ftlrl.llrl<l ll' tu wor k Il<I r l,. t itll., f" r Ilid wrd
(; rt' illll<11rll iUill Bral l Ill' Y" ll ng of l ltl' I' ll,r sil'ill On'illl" .c.nI IJh,\' Arull l' III. t lu ' 1\1l1N
1)('p 1\rl.lIIl' lIl. o [ Physics. I would llk.. to Ihllllk f,,,t.1I 1.11<'111 !l1l.1 t l... sl;,lf of 1111"
PhYllira l Orl' ill1ugrap hy group fur Ilfllvidi ll,C, l.h,' mUII"y, ti ll' " IIVirull llH'IlI" IlIull lll'
pat i, 'nfl ' Ihllt. hll\,(' 11-11"\\"'11Illt' t,u f"(J1Jlp l" It, a wl writ., O1 p III}" n'S('IOr,-h,
I would Iik.' ttl thank I I", Ik lll i uf S,'i"!Il"" 1.111' 1) " 1011 u[ SI,'ul"II I, ,\ Ifil;rs Mill
Services, tln- Canadian lnstitnu- (ur Ad \'llllO'f ,,1 H"S('Hrd l, Willilllll I)"y, HI"] I'anl
Gillard [III' ti ll' 1';"IINUlIS traw l fOlllO l ill~ I 11,1\"" r''f 'l' j\'I 'f ] OWl' l,h., IllS!. (" Il l' y"lIrs,
The r on [l'r enn'!l they 11' \ \' 1' euabh-d 111l' III IIUI'u,1 willla-uefit nu- III..... IIYS,
I would like to thank t ill' sta ir uf 11ll'q lll 'f 'lI Eli",al",t.1 /I Librury (fir 1l11ll'11
friendly assi s ta llrt~ uV" r till' years . I U\\'.· l1silllilllT11.,1,1.1,01.1)1'sll,lf iOl I,1 rill'lllty of
till' Departmen t fl f COllll' ut"r Sd.'lll'I·, pilrl ku lilrly Elailli' UU"IJl" ./' ·lIl1if,·r Huturu,
ShllT" lI lIyur' "~ , I''' : ril'i" ,\ IUt!,II.\'. ~Iik, ' HI,)' tl1l'1I1. Ill,,1 ;\"lllul \\"I,it, ·. P1I111 Far,ly.
l)il\·i,1 Fi'j" ld, ;'1ll1 AIII'II (: "" l,lh,.!:1",11',·,1 wlth typ ,'sf'lI; IIp,t l li"~ tlu-sisill !.rrEx .
1 knu\\"1IIIlt 1 11 111 "Illy l'ilfti llll.1-" awan-ul IIllt llilt IHls I" ..-n ,lUll!'fur 11\1' lIy .lilIll'
Fulll ;,n.1 l'nu l <:i!1" "d. 1I'IIl' 1111\'" s,'n· ,·,1 il"~ 1I"iuls of lll,\" 1)"parh m'1I1 U\"f'r IIU'
"' '' 11'''' ' " f 111.1"sl,.,fj ,·s: Ihis slllilil 1 ,l l illl k.~ IIlllsl for 1lI11\' sulik ".
I II"'JIlI,l lik,' t.,1111' lik ,,11 .,f t l" , I" "< ,pl,, wIll' ...·111 I,l<' n' l,rill l"~ ;,n,llll illll,srri l.ts : ill
",," ,1.1111M' lik" lu thank 11ll' 1""< '1'1" who IIlL I".. d 'lrifi.,,1my t hinking aue] my n-sults
\"iil" "Illi,il awl lll'rs' IIIi11 nlll\",'tsat hillS. nu1. .,I,)y ,Iu,' F('l s"ll "~I' ·; ll .lml G"sarrh, Arnn
.Ii1.!:"I.,• .lim Kndiu• .luhenm-s I\':'h l"t . Mark l' wllt, ·I. ~ l anril llll' ~la t a·~ l ollt('f(J.
(: ary Olsf'lI. ,\ 1"11 Sl'll1Ian . and .Ial'''!.'' '!'Ilr.ln, In partlrular, I would like tu thank
.1.,1' <1 11 1"'1'1 I' iiblt·t . r"r sllAAl'Stilig si1ll1,lilical,iolls an' I rU111 pl..tiullSfot sl'\ 'l'ra ll""sults
ill Sf'."t i," , I. I ,:?, Miltk Kn'lIt,,1,for tIll' disrussi ons t hat led (a11l0ng (JIliN th illg.s)
t ll t hl' NI' ·IHtrfl llf'sSn' ,lm'ti uli fur II,,' Fl1GT[~ 1 I'l'Ohl"I11 . ami Bill Gasat rh , who
is iudil'I'dly fl'S I'UII"~i IJI" fur i11 11 I11St. all fCoslllts tC'lwrl. ,.1 ill t.his t bcsis.
[ would lik,' III thank my umuv fri"lllls, fur putt ing u p with Illy "rratir gra,1
SllIIl,·II! r.c'lliI\"jur till'sl' IllSI Ii-wY"<lrS lIl11l simultnueously llI11king sur h continued
l,,'h,l\'jur pussil.l,' .
ru m, ·U I·,·r Ill.'" .'"'·'ll"S uf slllll.\·.
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II Difflcultics wit h t he reduc tion rrCJl11 l'(l'i~h l l'< 1 MIN· VEin 'EX ( :(}VEJI
to weigh te d phy logenet ic fJafliirmJllYI'Vil lu ati ul1 l' fU],I"lIls !l l
12 Coudi tious fo r multiple pa r li 1.iull I('w ls (01) slIlJ,I!; m pl l ( ,'" . !Ii
Wngllcr parsimony deci sion pro l l l' ~llI s
xii
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1.111' dl'lu!. Yl't it i.~ qu' Ill-ad who arl' fn-queutly uur pathfinders, and we wa lk all
Il Hl 'ur i ~dlJ l1 ~ ly a long tln- foa d s they have chosen for us.
lJ('clinlkd ill Momney nf
1.01"(' 11 Eiselcy
( HIO? i977 )
xlil
1 Int roduction
with reec usrrueting til l' t t l." tlll\l rt'pn'lil' lIll1IIlI'1·\·ullll iUl1l1T.... rt'lnli tolllhil'" of iI
I\m1 10 evalu ate allt 'rnal!v(' hYllull ll's,,,, uf 11l]i lplll l1u ll, 1' \'u l l1t,i"lIl1r,\' n,.. dli lllis1lt,
art" seldom A\'ailab lc 10 n-r oust rn...t tht' aetna l hisl tltira l I ll .. -, lilli ' IIlk e'll ill' .111
to !4OllI C hioJoP clllly-f('lr villIl fTite-ri" lI.
ove r the last thirty y<'aTS [Io(. IRIl, P IIS!l:)', SO!IlI]. T Ill'S(' ill' l'n ml'1W1'l II1'C' uf two
tYJlI'll [S090, p. 412]: mcl hOl[·h asC'd apl,warl l!'!!, which il l t. " ~n·.ll ' tl ... rril ,-do ll
for tn-e selectio n din-clly into tho IIlC'thllll fut SI ';lrrh irt~ t ill' :"lot. .. f all 1 1l 1S.~il.l, ·
arc .Iistinct. Mcthocl-ha.'ioCf1 1lllllllad lO'COI ol,l ai n "1'1;lIuI.Il ll'l"l\fi ll iddy. 1",1 , ~ . lI" t
C rilcr1on-hi\Sl'(j methods UO Aive Slid . rallkillAlI 1' lIt ill1' lIIud. sl" w" r I,,-ra ll:-<'
known algorithms haw' to eViluat!! all pu~~i h ll' l rf'~ 'S ; IlI'lIrl', p Tilrl il"l 1 illll,I"m,'n-
I , alioll ~ or r riter ion-h ase ! ap pruad ll's sl·u ll' rhr ,Il'r iviup; ilP I'Tu xilllnt i,, " s t il 1Ill'
Con~ider t he formal COlnl'llb.tic,m,1 ,m,I I I,:m~ a..."'riall'.1 with t ill'!!" lYlfl'SIIr
"1'I' rllilrl l''S. Ti l" 1,...,I, I.· IIl ~ lL~sflrial('f1 with llH'l IIOfI-hi'Sf,o:1 approaches t}'picall y
IIIlV" 1,,,lyll,,m ial.t iml' It.l~"rithllls . itll.1 ith ' UIII S of liu lf' Interest he re . In t his
tlll 'Sis. I will I,,· nmr!' rl ll',1 witl. UII' Il ruhll'lIl ~ a.~s{)riitlf'fl with criterion-based
illlpr. hlrill'S. Silln ' 1!llfl , ,11'I'isioll problem s i!$<;()Ci ll1('o:! with t ile most commonly-
IlJayXi . J>.!SXfi. n SXli, J>SX7. ( Wl'l2. KriSS, K J\,l ~fi) . Whilc lh i ~ impllestha t related
p ruIJI" IIIS sueh n.s I'TIId llri lll!;Ilpt it llal t rees are Illm ll' r th an NP , it is 110 t k now n
l'~'lf·t l y hew much hllrdl' r thf'se pr ohll'ms <HI' , o r howd osl'ly fa.st algorit hms may
~ lpprux itl1 I1L" opt ima l t rl '(~ . This lat ter problem i~ especially impo rt an t because
I ns"! " f slip;ht ly di trl'n 'lIt IIr !'VI'II t ill' sa m e f"j l ~t. CIlII imp ly very d iffere nt ovolu-
li,, "a ry hYIHltlll's.'S If,.lIu l!)J , p. :lI n). T here arc Ill/m y l'xamples in L)w biological
Iih· fitLurf· Ilf hY]H,t lu'SC'lI lhal have 11('('11 modi fied or retracted in light of differe nt
l'Stilllitt. 'S of th, ' Ilillim al tree e.g, the "Out of Africa" hypot hesis for th e ori~i n
nf till ' hUlllaU llli t rnrhlludrial DNA gcne ]1001 (MRS92, SSV92).
III t his t111'Sis , I will ,I..rh·!' hou uds all the th e cOlllplltat ional co m plexiti es of
• rr fliN n/ittll j ll'Jrlifllllf, which return th e cost of thl' opt imal tr ee(s);
• xfJlrlfi/JI1Jll ll ditJlI.~. which re turn all opt ima l t ree;
• xl"trllli"y j llrw/j""", which return lIlt' I1ll11111cr of optimaltrees;
• l 'II UIIII 'I"fI/ ; (I/ 1 /~"!· I;ttlltl. which llysll'lIlalical1yenumerate all optim al t rees ;
an d
tIlt' sot of optimal t rees.
B01l11 ds art' also deriv ed fur those fuuerlous tluu retu rn I fl 'l '~ of u F;i l'PII n,~ 1
or of cost It·s~ th an OJ'g rrnter 1.11 11 11 II p;iwil lim it. In iHIl!i1.iuu, I will d c'rh'p
hounds on t ilt· approxlmahillty o f I,lll' solut.ion fnut-thrus ll ~ ~"ri 1l1 1 ',1 wit h 1h.. most
commonly-used approa ches tn p hylugpll<'t ir infl 'rl' l ln' . Ht',~ll l ts 1Il'{' j.!;i n'lI 1101. 0111,"
for evolutionary t rees b;t.~t,t1 ('XCllls ivl'ly 1m tlk l,u!.' llIUIISslll'.'illti" ll , 'v{'ll l..~ 1'111, ills"
for t rees inrurpo rating such I' V"lItS i l.~ hyh rilli1,iLl. illll 1111111'l', 'ulI1hill.l tiUlI,
Th e results in Uli", t hesis huv e- hl"'11 oh lil1ll'c1 I. y il l'I ,lyill /!;,'xi sl.ill/!; 1 " ,, · l l n i , l'lt'.~
to a set of closely-rela ted probk-rus . Those fl'sull,s 111'' uf Si/!;lIilinUl I'" h. n >lt\I'Il'
ratlona l complexity theo ry to l.I1<\ ,'xll ' llt t lmt, l.y isub 1.il1l-\ 1ISI,pl"I,:<of I'ruJ,J,'lI1s
that cau se unexpe cted increases o r d.'rn'asl's in rmuplr-xrty, they s l l~I!:l'1<l fu rt lll'r
aven ues for resea rch. T he hinlog iral rdc 'valll'(' of ti ll'S!' rl' "ull.s i ~ 1l1lrl' l.r" hJ,' IIl'
at lc. SOllie biologists haV('arglll' fl thaI. t lll'S1 ~ I'l's illts ilrl' lIut 'II' p li" 11111I' l...nLUSI·
(I) th e defined problems are lo u gem-rul, ll1u11lflJlJll'lIls uf prarti,' a l inl.l'f1's!. II lay
be solva blc in poly uoruialthuc , alll i (:!) 1.llI' Iremr-work o f I,~y tll l' t.ot il- w"r.~l.·n,~"
analyses ill whic h lh{~se rt' sll !b we re , I p riv,~d is Illlrt'a 1i .~t i ( \ (./ , S. FaTl"h ami M. F.
Micke vlch, pers ona l comrmuticat.icu], 111 flJ rl11l1 latitl ~ t ill' pmbl('llIs '~X ilm j ... ·,1 in
this thesis, th er e have been 1l 1l .h~lIiil hl (' tral lelJrfs of (i,ldi ty Iu lJilJllJll;ir'a l re-allty
for the sake of tr ar.lahili ty of a na lysis. llnwever-, slld l l. rltl l ,~ , rr~ n l" II,dip umuy
appik aliulls of rllat l ll'lIlati ,~s tu rl'ill p mhlem s . aurl tire lIot cml,Yunavoidable bu t
!lo t to I'l l'S l'li l rc'Sults uf ,]jwrl rd " Vilnrf' t.o biulugists , hut to III}' a theoretical
1.1 Organization of Thi s Th esis
Th is 1.1l!'sis is laidout ill four sCl-tiulIS,
111 S.·.·l.ion '2, I gil/C'vatioua ,ldl l1itiuus i1sf'd ill t his thesis, including graph -
I.Iwordit" d " lillititJIls cl eon-reticulate and fPtiru lal.c·evolut iona ry t rees alld all
int.rlJ,(ud io ti l U I·UlII J>IIl.lLt io ll l l l euupk-xhythccry,
In S{"{·tion :1, I n-viow basic concepts in phylogt'nd ir analysi s as welt as 11.11
Ilrl 'viuusly-ll " lilll'd ph ylugc'lH't ir illfc'n'lIn' derisi on problems and the reduct ions
11:--which I,]l<'y hav" !JIl'n shOll/I! to h (' NP-rollllJldc . A fram e work is g iven lha t
illl'url' 0ml.,·" all sllr ll Ilrnll" ll1ssllld i,'t i 1.0 .I a l .·, This sectlou also incl udes clef-
illitiuns and l"I,.lul'l, ;olls Ior !If 'W IIJ'(}h ll'lll.s involving rl'l iculatc t rees , as well as
scve-rulm-w rc'durliOllS fur provionsly -deflncd problems. The tree of reductions
1I 1l1UlII!: all p rtJhll'lIls I'XillIli llc-i1ill this thl'Si~ is shown in Figures i and 8, andthe
n'I'I','splll1,kml·lwl.wn'lI ph;Y!Ol!:l'ut'lic infercncoproblems examinedin t his thesis
nud I lr n~r- il l tln-litvrnture is gin'lI in Teblr- 19,
hi SI'c'I ion .J. I IlSf' the OplII h k m rhy [W\R9:t I\r1:'88] and paddahility




Iwo gwlI p'" within 1-"1'.\'1', Th , ' n'lI1 l' l' ·;'I: il i,.,.tI: ll lt'l't·l'ruhl' ·III" . " lull'; wlth ...·\"t·rotl
ot hC't prope rties of I h,~' pru hl,'U1s aml th "ull' lll:<rnllIlIJV V~(;. I\ STI'i!I. S4·\!lll. an'
11:«"(1 to ,Irri\"(" 1)(l11 lul:<UII l ilt' rum pl,· ;'I: ili,'l<.. r I I,,· ils",...iilh..l "" Iul itlll. " l'a nllill,L!;.
t'n llllll'r atiulI.<'I11l1 rand..m,r;,·IIt·rl\liulI fmwl it," :<. ,\ II I.. IIIllI:<lu .. lllil r.l lI,"'" " "'111 1,..
J t'ri\'rd ill th is st ....t i..n <'I n ' sunun<'lriz,..1ill '1',,1>1,· :!1I.
In S,....liu u r,.1 '1"1' n'.'\llih frumI ItWIU.I :.J7!1. 1\ ~ II I~ 1. 1\1'..:'\,";1111,I"ri\'(' 1,,\\·,,1'
hOIlI1l[S011 lilt' I\ppw:cill1"hilily "rphy luA'·Ilt'l i.· illf, 'n ' lw"I,rul''' 'llIS 10.\' 1'"ly l111ttlilil.
Iili lt' algorithms. In pnrt.ir-ulur, i i, i" shown 1l.~ i ll l1; lilt' l"t't't'UI rl"'ll ll.~ or I\ ,.urll
ct 1\1. [t\ LMSS!J'l] t hlll I IlI phy l"~"llPt i ,' illrl' rl'W·,· "p l;tllHl· l'lIsl, solution ptu l,II'111
r-xetuin cd in t his tllt .,.i" Illls Il JI" I...·llumilll. t ill lt' 1I I ' l'ru~ i H1il l i,," Sd lt' 1I11' 1I1I [1'S" I '
= NP, All hounds un lll'p rtlximaloilily ,It'r iv,..1ill thi" Sf'dillll ar,' ltllllllllMil.t..1ill
Tab!,, ;!!.
E.ach uf SM't ions :1.'I, <'IlId .'iIM'p;illswith a s uhsc....l iun lJll tlu t<tl iull " a r t inl la r Itt
that sc....tiou a llli ronrlll, l~ with a sUll1mary o f th, ' rt'Sulh .11·riv...1ill l l,al .....·t iu ll.
or each such slIlIInulry.
2 Notation
inltodll .·t;UII t o l'Ulllp llt.al iCllIi1 I r-omph-xity t1u'tJry, First tll('n' are ~OI11t' ge neral
,J,·!ill iti om .
Uplilll' all' ll11I1('[ ~ =' In, II. ..II N1. rill~S J' ilS Iwing lIl1'llllwrs uf ~' . 11 1111 all
11I1I).!, llil,l!;I'S 1. il S 11I·ing lI1l'u dll'ts o f ~!,;' . Let l.rl lwthe h-ngth o f string .1', 1/,1111'thl'
"ilftlilli,liLyuf I" ~ HII.I 1/ hi' till' spl uf 1111 s t ri ngs in I, with lcngrh I, For a la llgu<lgr
I,. n ,· I, = ~. - L IJdilll' (.r,!!) il.~ 11Ilinvrrtlbh- Innrtion th at (' llfOt!('S pa ir s of
L." \1. (.r ) = I if .r E I. allfl ll oll l1'rwist,.
1,.,1..V = {n, 1,<1 , ...J Ill' llll' lIollllcgativl' illt ,'g"u, Q+ 1)('t il(' 1I0111I1'ga1;\-"
t ilti ll ll1l1 umubr-rs, 111111 n+ Ill' t ill' Ilnll rlPga ti\,c re al uumbera . (Iiven functions
J : X -t r <l lId !/ : I" --+ Z, k-t rlmll(f) and ""9U) h(' til!' domain and range
tlr f. n 'slll'("ti\'.·ly. " n,1 !} 0 f ; X ..... Z Ill' tl1I'composition of / and !J i. r-. (!J0
fH.r) = .'1(/(.1")). I( functio n / is not dofluedO lJ inpu t .r, t hen f( .I·) = .1. If
V.r E X 111'1I,l/(f(.rll l = I}, f is l'illylc-NlilJrd; else, / i ~ lIIu/livalll ((l. A func tion
.r:.V ..... "V i 1'l .~ IIW/lf" if till' rmwliOl f! : I" -+ 1/ (11) is polyncmial-timccomp utabh-
,lIul fI.r ) 5"f(u l fur all.r s:; 11 [1'ft·!!S. p. ·19:1). for all ar llitrary tota l order Il 01
l,ill'lf ." sl ritl,l!;s. ddi llt, tlll' (1l'I/n-ill!l 1'/1 ilS the pa ir or func tion s (E. f.) such that
l..'(i .1) n-tums thl' ith na-mln-rof (~')/ under R aml /.(.r .y,/) indicates if .r S:; !1
nuder If fllr .r.!f E (~. )I : this tlll'Sis will focus IIIl t hoseorderings fur which E and
L IU'(' rOllll l lll~hl ,' in 1...,I.'·llnllli~' ti lll" {s... • S...-t l.. u -I.il}.
There an-sc·\1'tal lyp,'!t ..rIlt...n , l ~ flit a Illllll"tira l fUl..-l i.. u. TI ..-,;,· Ilt.,.,uh. s-an
h" rt'I'Tl'SC'lIlt,,1 hy rll'~!'t'!t nf flll1<' l iulls ( B J)(;~~ . p. :,; ,):
finit ely m a ll }" II. !il ,, ) < /" f (II }.
• 0( / ) is th r- sc·t of fll ll rl ittn~ !1 Slid , thaI rut '·\"" t.'" r > II ;"111 f"t ..1I11l11 lil. i ll'I."
III I' ll }" II.!J (" ) < r · f (IIJ•
• nUJ is l lll' sc'l o f fllll rl i"II ~ !1 ';'1<"11 I h ll l rut SCIUII ' r > II IIn,1 fut i li l i ll ih'I.'"
m all) " 11 .9(11) > r ' f(,,) .
Cla!!s,'s 0(1), 0( / ), aud HIll rum's lllIllll I." l""s.' IlJlIII'r, dtkl. 11 1'1" '1", .",<1 1,11 ";,'
of Iuncticns ra.t lw t rha u a singl., Iuur-tiou ",~, 0 1l,..I!/} . "!l1I,J.'11''!/), wl...t" J,.. I!I '"
UkIlk = 11° 11 a lld ,lOlylog = Uk I"g ol: II = lu~lJlll II. A lllu~~ti t hllls in IIIis th ,,,,is
will he to hase 2.
2.1 G ra phs, Hypergraphs, and Tr ees
the ot he r the ta rget a rc GIll,s l fllT.or, a p;raph rump usc..1flf an :s is It Ifi,,,"/,,I -'/111 /,11.
similarly. A .:ritlJII i5 nlllmrl,,1 if t hl,", is " Iu.lh 1I('1"'I'('n c'llrh pair of \'r rt in"ll
ill tl,,· ~ral' ll i if llll'n' i5 all l'll,r;(' 11I 'L\l,wlI ('ad 1pair o f vertices in t he grapb, t he
~u l,h is " (J/IIp""', Jrall (Of l,r;l'!!ill a ,r;rallh li(' ut i /I, singh' pa th lX'lwC'l'n a Ilai l" of
VO'rl in 'S. Lilt' ,r;fitllh i" Ii", nr. A "YI" '!IrTlph II ;. ( V. 1::) i5 a. l'Id V of vcrt lees a nd
;1 SI'l /I' uf IIY1K'fl'd,l(I'll ,,"r " lhllll'Jldl IrYIII·fl·t!.'\(! link s II group in"lrad of 11 paj r- of
\!l,tti.'.'s. 1\ hYllI'n'l l~I' whlls( ' \!C'tt('X-Nl't has h('( ~l1 pa rtiLinul'd into disjoint target
1111 '[ ,,"lIrn' Vl'f1.(·x ·sl'lNis '~1I 111 ·l! 1\ hYllrrlllY'ia hYllrrgritph composed of hypcrar ca is
H ,/ilu/r"II' .lJI'f/"f/IYI/,h, A 111JIH"fJlfllh 1.( '1\1'('1'11 vl'rtirl'll II alUl l' in It hype-graph II is
;1 SI'IllIt·IU·" cor alli ·rllalill.f,; vl'rLirl'llAn d hypc rNlg('ll 111~ 1 l':2 .. . I1"C.. I'.+I su ch that t ;
is a IIJIlC'fl'lI,r;I' ill II linkinp;I'j alld l ' i+ Io 'i and Cj•• are distinct hyperedg('llill Il .
", = II. 11IIli 1'.. +1 = IIi ,lirl'f' Ii ..1 hYI)('rpa.Lh :ol arc ,I('fill('tl similarly. If a. graph ha.~
iI flll1rtiu Jl a"..orilltill,r; numl....·f!I (i.l' . wight !!) with its \Tl1.k cs (oogcs ), tbe graph
hc n ll...1 iI IYrfrr - (rJy-J Il'f'ighlnl gmpf,; othe rwise, it is an . 'lIf'Cig1drJ gmp1l.
\\' ('i,;II" 'I1 .11111 1I11\\"t';l:lltNI 11),IX'rgraph~ arc d...lined similarly, lIypergrarh~ arc
1I:<t'f1l1in l'lill1l'lir.r ing ami g(,lII'ralizing result:'! from greph theory, especially t hose
n 'SlI[ts c11,.. t i l1 ~ with nuuhlnatorial proh!c'ms [13{'r7a. p. viii], For ether stand ar d
p;rl1I,!I am l h,\' l ll' r~rllph dl'fi ll it illl1 ~ . S( '(. IBeri:J , I1N85]; 1111' definition of hype- arc
is (null IA1JS~(iJ .
,\ pat.h rrul1l al1.\' n-rtox 10 i tsdf is r-11.11("11 /( eyrir. A grllph t ha t does 110t
F igure 1: Gral,!Js a ndhyperg raphs: (a) ~rl\ l, h ; (II) dirt'rl",1 Arill' hj ('") Ili""I"I.I-!1
acyclic g ra llll; (<I) din-cu-d 1r.'I"' ; (e) hY Jl( ' r~ rIIllh ; (fJ din'd, t',I I'Ylll'rArllphi (~ )
dir ected B erge acyd ir.hypl'rgTlLJ ,l l; (h) din- r"tl'II 11Ylll'r tn 'f'.
l'Hutilin any ,"yd ,'S is I/("yrlir, Au I1cyrl ir ronnectcd gtilp h is called a tra. Dit ec1."r!
"ydl'S mil l llin '<:t' '11 ilt:ydk I;rlplls an' dellm-dsirnilarly. Define a dirceicd In c as
1Illin 'd ,"ll ill'yd i,"/:rap ll tbi ll Nllt i ,~fi,'S t llr "" add iti o nal rcst r ictlnns:
2, 1.llI'r,' is u t. I"il~ t '1111' dill'l'l.l'd IliIl li From the root to every vertex in the tree,
:I. 1,1 11'tllul CilliliUl Il(' tIll' tll r~1'l ur any urc and every ot her vertex is the target
ur, 'xilclly CIII I' lIfr .
A hYflC'rplll.1 l rrolll nny vertex to it~l'l ri.~ called a lJcl'gf cyde . A bypcrgre ph tliat
,lu,'S 1Il1t. l'lml.i1i ll any Bprg,· ry r1I'l1 is lJoyr (lcydic, Directed Berge cycles and
,lin'I'I,I'c1 IIc'I"W' 'lI",\'I'li,· hy pl'tgwphs li lT' , lc '~ n,~1 similarly. Unlike gra phs, t here
ill"" man y t.Y pI'S uf ncye-lieity for h)'p" l'gr all hs IDlIkllrl wh ich art' base-l 011 Berge'
'y d ,'s n lBt l<id,is r), 11ll ,!i t iollill tf'st rirtio lls; however , Berge acyd icity implies ('l1ch
ur t1 1l'~1' lI1111'r ty pl's uf a, 'yd irit.y (F,1gHa, Theorem 6,1], De line IIdil'u/rd hyper/lTc
ilS il ,lin' c'Il',1 BI' rp;"' ill'ycl ic-11)'Ill'rgtaIJh l liat sal i.sf'iI'Sfour additional rcetelotlo ns:
I. 1,IlC'n' is a d isti ll~lI i slll'l l w rtox ealh-d till' 1"00 f ,
.) 111I,tl' is i l l. "'ll,~ l ( JIl l ' , Iitl'l,t('d IJYI)('r pat lr fro m tilt' roo t to every vertex ill the
hyp, 'rl tl"!' ,
:1. IIn- tun! I"<ml1lJl II(' in LIIl' t arget-set of any hypcrarc and every other vertex
is lntln- l ilr~t'l. s(' \. of ,'x al'l l~" UlI I' hypcr arr-, a nd
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Fig ure 2: T YJlCll of hypcrarc s: [a] 2-hY])t'Tl1f( 'Si (1.) :I-hyp l'mrl's; {t')· I·IiYI'I·Tlrfs.
4. there arc only lh n"e typt 'llllr !lYIII'r,m"t! ill HII' l IYlll'r h t't' (M't' Fip;IlTl' 2):
(i) one source vertex ,tnll 011(' tar gl'l ver te-x { !!- /I!JIlfffll'r},
(ii) tw o sourc e verlicc6 ant] one tllfgcl vortex ( :J-It!l/!I'lllIY'), ur
(iii) two source vertices and t wo targd vprli!', 's (~-II.lJ/lf'nl l 'l ·l.
Not e that t he co-res pondence of arcs to 2·IIYPt·rll rl'.~ 1lI11lm• •Iiwd l'tl ln't's SIH>,·j,,1
cases of direc ted hypo rt reos .
Trees arc used in evolutionary biology to Wpn'Sl'l lt ('VlJlulillll,lr y rdalic llI sll i [Js
between species . In the biologkallitc retun-, ,li n 'd t'tl tn '(~ nn- l"i11J,'t1 /VIli/nI " O N
and undi rected tre es ate callcI[II1ITtHlr d I l'r c.~. III cvolll t iurlilry l l1't's, (·,Ip;I's HI' ill-
terpr ctcd as species u ndergoing cvulutlonnry chanAI! ( /im:II!lf"~)' Vl'rt in 'S ill"! ' illtl,r -
preted as spec iat ion events in whichIl I' W SP( 'df:S art! ~(·Iwratl·tl , /lIlll thl!1'001.vl'rlf'X
is in ter pret ed as the most recent COl11lnOIl IUIc,(!sl,(Jr III thl! .~ IJ ( !r. i l·s l Jl'i n~ stll dil'd.
All ty pes of trees g ive lUI est imate of the pattern of s lwciat ifJlI (·'o'I·U1.S; IIIlI':I'vl'r ,
"Il ly . lir.ort l..1 I .....-s IIYI'"tll1'si ..... llll' ,Iir=lion ill which cvolutionary rh a ngc hils
,·;,1"11 ...I)!,'· 'Jiw.'i,;Ilt iJiin ...·rp ...·tNI a.<; tit .' il.III01111l of l'voilltionilry changr- undergone
by tlu- :>I"'..-i•.,. nlr;t-';I",mdinp; to t hat I'Ilg(",
Till' rr.,;trirtiu ll ~ /llm\' I' " " llirtorlt ..1 tn'!.,; il lI.1 IIYlwrlrt'(,"!i guara ntee the rol-
l.. will)!, IliulfJ)!,1<'ally IWOlOS'llIry Jlr<I!' ('rti l"S: ( I) no SIK"('it"ll ean gh'c rise to one o r its
illIH.,;lu rs. ,1111 1 (1) I·,,"h ~p . ,,'il'~ ari lt..s rnuu exactly one s]l('('il\l io ll event . All I'y/ n 's
uf 1...,•.,;rail n 'IITC";' ·lll . lir lltJl fllllon s speciation r-vcu ts ; directed hypcrt rccs can also
n'p n'St'u l lwu morr- rumph-xevolutlouery events using t heir 3- lind -l-hypererrs
Ilyhrid iz<l tiuu {til" r n -atiou or iI thln1 ("nt ity from rwc p1tfenl entities] and
n"'tf ll1l,i n il li"l ~ (11 11 lllll' ri ng or UIII'ur beth or lwo {"nlit ics). Such events involving
II... "n'a titlll uf two or more IJal hs IlPlw(."("1J pl\iT!lor ve rl ir ('li ill a tree arc called
n'irll/"'inn,•• lind lrt'!~ inr or l' urllli ng these (" '{"Ill s arc said lo be rrfirulafe. Rel ic-
nl,11iul1as .1.·lilll'd h,'f{" i ~ applicahl(" nol only to l)rohl(,1115 involvinghybridiution
"' 1,1 i111rnRn'S.<;iun a.~ t11'lill<"l\ in cvoltuionary biology (FunS.'>. SlaC75] . but also
In prnhl..ms inmh"ing hor izont al gt"IIl' lransr('f (Sue7 5]. multj-allele rec om bi ne-
t ill" t' \'t' lIts 1IIt,HID), itlul t rltllsmis.'1ioll o f copying er ro rs in me die val manuscripts
I L. "d':~I , Sl ~ ' Al'llI' lllli x ,\ for Iurt hcr d iscuss ion or rer iculariou.
Nul.' 1110l t ill 1Ill' hilllugk ni lit er ature, gra ph ·thC'OI'C't ic t rees a re ojt en given
.lilf,'r t' lIl 1Ii1111t'S t!('pI'lIllilig on what ll1l')' represent and the metho ds by which
I I",)' wen- , It' ri\'I'!1 i.c. phylogratu, dcndrogmrn , ela dog ram, aml tha t a si ngle t ree
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may on occasion imply a wholer1allllof Ir t't 'll {lI ps,l],
2.2 Computational Complexity Theory
For amen- in-dept h t reat lllC'lll,of ronrpututionel "Il1tlp lt'x ily 1111'<'>1'.\', St't' [ll ll(lS S.
BDG!JO, G,179, HS78. ,loh!IO,WWSHj. llitllo.e:i~l ,ll will lind [Day!l:!1 il ~tJtl, 1 intI'''·
dnc tion to (w tilill topirs ill Ihis se-ction.
There art ' many tyP(~ of formal rtl111 plll,lIlicllllll I'rtlhl"ll1s c.g. ,1",' illitlll, r-val-
in [W\V86, pp. 100- 101) rf. [.'VV~Wj . Dc,lilH' ll w];ll iull II : ~. x~· . 111 p;lirll
of ob jec ts e.g. (lloole1\11 Iormulas ] x [truth lIssi~nllu'lIl.s to Inml"lm vMillillc'i'o) ;
(g ra ph,) x (cliques ). Formal eomputn ttouul prul,lt'111 ll ran I... vi" wc',l HS ftlll<'1.iull s
defined on the projection of fi. onto a p;iVC'H ('!"Ilw ut .r •
• Dec i..~ ;on Problem (PUGlJ):
For some boolean-valucd pn-dleate (,' ddill "'! 011 ~.,
PROB(,l) = 3y [(x,y ) E Ii A G(lI)).
• Solut ion Pl'Oblem (SG L-PlWIJ ):
For some boo lean-valued predicate G .ld ill,',l 011 ~. ,
SOL-PROB(x) = { y I (x ,y ) E /I A m y)} .
If relat ion R has all associ a te d va juatjun fUIlr:lilJll Ii : u -+ # , /{ mrrt',sIJtJllfls
int uit ively to an optimizatio n problem . Dcflue the r"l1l1w ill~ Ilru1J ll ~l1l s ' III.slld l U.
• (,'i lJfll _r(J.~1 S(J/lllioll " /"(J!JIrm (SOL- VAL8Q.P1101i):
SOL-VAL.EQ-I'HOB{(J, I.:) = {y I(;1,y) E Ii A 11(;I:, y) = k}
• (; i""I-limil Sobllifm I'mb k lll (SOl.- Vtl /.. I.B·PIWB, SOL-VAL.GB-PROB) :
SOL-VAL.LE-PllOB((J, k)) = { !II (.r,y) E RA b(,r, y ) s: k}
SOL-VAL.(m-PIIO B((J ,k)) = {y I(J,y)E R A b(J,y) ~ k }
• ()/l / i lllll l-t'm;! 8 mr./ufllifl/l Pmblr lll (M IN-f'/ W IJ, MAX.PRGLJ):
MIN. PIIOB(J) = mill b(.r,y)
(r ,YIEIl
MAX.I' IWB(.r) = max I~.r, y )
Cr,y)EU
• O" lillllll-n,sl Solr/lion PmblcfII (SOL-X .P/l OB, X E {MIN, MAX}):
SOL-X-I' UOB(.r) = { !/ I (.r,y ) E RA b(.r, y ) = X·P ROR(:r )}
Th rt~ , ut l1l'T lypl'l'!ur prohlems may he defined 011 the ranges of V , Y E {SOL-
PIlOIl,SOL·X·1'1l0Il } IX E (MIN, MAX , VAL.EQ, VAL.LE, VAL-GEl) .
• Sllfl/wing Pmblrm (SPtl N-Y) :
SPAN·Ylr) ~ I{Y{r ll l.
• /(fl/Il/f11I1-Sdrl'1;oll IJl'ob!f-m ( Il AN O.Y):
nA Nn·Y(.r) = ]1. wll('f(' ]1 il'! a randoml y-selected memb er-of {Y (x)}.
• f"rllllr ral ioll Pl'oblem (ENUM .Y):
ENlJ~I-Y(.r, i) = N, where !I is lllt' i-til member of {V ex)} under some
l'o[ytl(JllIial-tillll' Un ll'Ting P.
\.\
Each or tlu'se prchlems eo rrcs pond s to a Inneuon . " llt-e-i"iull I'n ,I>I"1II1'1"'1n or-
respo nds to t 1Lf' l a n gll a~l." C<JII1I'tlSt"t1nr tilt' su hl'C't tlf illl iu"t a llf l'l' wll'lI'ol' "...Iut t,>n
is "Y('II" . A prohlem X i" !<.aitl to Ill' sol\1'<1 loy il.1l al,l;uril111 11 if fur i111~' illl ' lI1 r,
th at algorit hm rompntos allill~II' ""hI\"Irom (f (r )) fur l l1t' flilid iun .r1'I1II"ulil, 1
in lh a t prnhk-m. (,t' l XJ tll'lI\ II,I' tl ll' SI· t ll f si ll ~ [\ '- \'Hh lt'l l flllll't illll" l'u rrt'l<I', "" lillP;
to algoril hlll~ t hat solve problem X . IllpUlll ttl n pruil lt'm wllll ... 1'lIlle,1 ill,~ / " ,,,,,,,
and oll lpub will becalled ~rJ ill. fiQ lI.'e.
Defiuc det erministic Turiul'llIIi\t'"hint 'l<(L>TMJ. IlClIIt lt'h'rmil1i"tk 'I'M INT~ll.
and det ermi uis tic and nond l'h'rminisli, ' uradt · 'I'M (I l0 T M, NOT MltllO,t n..'-
ogniz(' lal1guagl'S ( a l'l'ql lo~) al1fll'Om pll u' f ' lIIl' l i"ns ( Imll "~.lu ,",l'''' 1 ill lilt' lltit n-
dard manner (BDG88, G.J79]. II IJTM trltll". lm'l'(' N mlll llll l('!I ,II 1111 illpnl r
(N(x) -+ y) i f y is the fiue l ~O l1 tl' t1 tll of N 'II \ln l,p"l lapI ' fu r lilt' t"llill p ll l itti ull
of N 011 X . A NTM trall~ l l1cl'r N wtll lJllh'll ,'/ 1111 inpilt J' (N(r ) .... !Jli f t1l1'rl '
is all accepting computa tion of N 1111 r sudl lhlll y i.~ ti l(' filial f'Cmll· tl ls flf N'"
output tape [Se191, I). 3) , DTM tralls(IIl"I' r.I n 1ll1111l l(' ll i ll ll;ll ..vahu ..1 flll..-tillllS,
and NTM t ransducers eomputo partial Ilmltivlth u..1 [nn..tiulI!I , AllY input tu II
T M transduce r that docs nol haVt'lUl Il1:fl."pti llg ..mlll'ul alillll l'1I1II1.1IlI'l< xy llllN.1
.1. An OT M t ha t forces all que ries to he 1ll1l.1!1! s illllllhllu","sly iN I/,/Il'flfl.,dilll",
while an OTM t hat allows qu e ries to lie madn Oil t l lt~ f,a.~ i !i llllll l!iWt'rs I,ll IlfI!villllll
que ries is adaptive.
Th e computational resources !lsl.'.1by lUI l\1lP;uritl llll lo sul vt! all iIlSt lllll:l! flf a
)1
pruM"lIlf':;WI M~ v i~ ,ulliZl,..1 a.. t111~ f':Ullll'lIta tiolll\lresources 1I11ef1hy the T M whieh
•·..m'l';IMIllfl.. ..., Ulill alJ!;uritl llll. Let rAfA') he t il.· amount or rcsourc- R lIl1Cf: l hy
ifll!';urillUII It lIllinplIl A'. l;o r 1\ Iunc t lo u f :J{ ......\1 "lnd " ecmpu tatjonal resou rce
If , all al!!';uriUllll A i.'l f · 1l (f-R r.tJrllp lltll61r) e.l:. polynomial-time, polyuomlal-
liw l·I·Ullll'llt"h1.·, irr,,( lrl) E 0(/). A problem i.'lJ -R ir Ulerc in n f oRalgorithm
lhlll sulVI'l\ lIlat prul,I' ·Il1 .
I' ru l.l l 'l1I.~ rail 1If' grflllpl'Il inlo rOlllplexity classes based on hounds on COIII))l1-
tntlunnl rf'Sflllrn' s rcqni rod to solve t hose problems e.g. DTIMl'.:(ll0(Y ), which is
1,11f' s('l ur "II pru"I(~l1l s solvablc hy polyuorniel-tlmc DT M. Some standanl C01l1'
All . I~i.~ion pro blems solvab le by polynom ial-lim e
DTM.
NI' All deci sion problems solvable by polynomial-time
NTM.
I'::WAC~: All decision problems solvable by polynomial-space
DTM.
EXI'T I:l.tE All Ilccillioll problems solvable by exponential-time
DTM.
II.is kuown thnt P ~ NP ~ PSPACE ~ EX PTI ME, and that P c EXPTIME
IBDG,s,s. Propo...ition 3.1}.Several classes or complexity between P and NP are:
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LI P All dec ision p ro llll'1I11l sclvabh- hy PU1Ylltltll;al-I;I1II'
aCCl:"pti ll~ rompntatlon.
NTM such that for (',,..h input 1 <1l1l1a lixl...l l'ul.mum ;al
I', there arc 'It llItlsL1,(I/Il .uTI'pt ililt I·Ul1llllllilt iuns.
R All decis ion problems stllvahll' hy IHllyulll1linl-ti ll1l'
NTM such th at for eaeh input I . I;Ull'r Uu-,..· a ,..' IHI
llCC<'pt ing com plltal;UIlIt or I'\l'( ' ilL II·/I.. .t h.lIf tlf all ('tim -
putat lone arc a(:cepti nA.
Man y problems arc of comp lexity hd wl...·1I Nil all,l I'S I'A<:J~, mull 'Tl' within ti ll'
level, of the PolynomialHierarchy {MSn) :
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wi......· /,Y (N I'Y) is llw r lass of prohlems SUIWlhlc hy polynomia l-t ime DOTM
(NOTM) t hat run ....... lilly tJrlld l' ill rlass Y, alld /'YU( ~ lI (lIP/I-II) is t ill' C1l1SS
IOf I,...,I,I''IIIS stJlvalill' hy polYlllllliill-tinll' adapt h'e (lIon·llCllIJl tive) DOTM that
nil ....sk lip t" 1(11 ) fllll'ril~ to lUI craelc i ll cless Y. Levels ~~, !:t, and n ~
w."tf· .1.·lin,.,1 in (MS721, 1111I1 leyo·1e: wa~ definedin (WagK88). It is known thllt
H~ ~ ~: ~ ~:U II: s 1'l:~I I J !,; Ht+I ' t hat PII S; / 'SPtl C B, alUl that H for some
k, lit =l:Ztlll'lI I'll = l;: [Stun, WlIgl\ 90, Wra77). Two working hypo thes es ill
"" mpl"xity t l ll~lry IU'I ! that I) i- NP and llmt I' ll tl o l 'll not collapse 10 any finite
MallY uf ti lt' langulIgl' rourplcxity classes above can be restated as classes of
:l ill~I ,,,vah lt"( 1 rllll r t i(lll ~ . Let FX denote the c1 1lS~ of functlons computed by TM
11:<\,,1tu .I,·lill.· IIlIlr;uagf' €'III....'! X e.g, FNP, PAt , FPSPACE. DefineFPSPACE{poly)
iUI th......• fnrl<'liollli in FPSPACE whose outpuls IIfC polynolllially bounded in
th,' 1"II,;tll of th,· inpllt , lind FI'II =U..=I F~t. It is known that ~t C F~t ,
r l ,l::I! I.1l ~ "' I'l::I!I ~IH1, F I,l::Ul.J1 rt Fpl:::HVI~ I- 1 1 unless P = NP, and
wilhill and 11I·\ln...·1Irl il.'l!ll'" ill FPH have beencstahlishcd only a t t he lowest levels
(l'I.... S....·l,ioll ·1.1.1); t hOliI' relaticnahips known to ,Ide suggest t hat classes in FP H
lU'hll\'\, \wy dilfl·rt.·lIl1)' from t heir analogues ill PII [Gas92]. Classes of mult ivalued
rlllllt inns M,' alsoprnl~ ih l(·. The re are many restr ictions of polynomial-time NTM
t reusdnr t-rs t lllli ~(·IIt.'TlI!t.' such c1as.'l<'S (Scl91); one such restrict ion is F" t he sub-
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set OrrllllrtiollS1 in ria "" F eur h tll.,t r;rlll'h(J) c {(r •.Y)I/(r} .....It) E I ' L.·. ullt -
puts ra il Ill' ch,'('kl"tl iUl)Olyllomial ti lll<'(Sd !l l . VaI71;). Ilt'lilll' F~ I I' I I =U b i ,..~ ~
end F AI, PII =U~_I(f'~n, . Cla:o<.'WS f'~~ = f 'Sl' . (f'~n, =FNI',. an. 1 ,.'~:
Are-called NPMV. NI'''' '' . allli NPM "'~:- I ill WIIOS!r,!, SI'lm). ,m,1 NT~I ill
FN P. which com pute·t ola l [unrti ons all ' ra ll...1NI' lI,..lri,·T~ 1 inl l\ rt'N,"'I. FilII",
tio ns in FN P, compute ti ll' Sllllll itlllS aSSlIr ;itlt ..1 with ,I"r ;sillll I'w hl" lIls ill NI'.
For further rlisrussiou Il!lOll t tI,.'S" a l1l1ot lll'r rwwt.iull d "",'It'lt. SI'< ' St"·t i,,n ·1.1.
• ma ny -o ne (:5:' ): A :5:' 11 if u...n- is it l,uIYllllllLial-t ill ll' flilldillll I slid ,
lha t z E A if /lud only if I (r) E IJ,
• 'lU ring (:5~) : A :5;' H ir t hrn' is A l'lllyllulIIial-l illll' fllllf'lion IIsi lll': /I lIS
an oracle tha t dctcrminCliif To E A.
A ge nera lizati on of many -one rcdncihility ra ll...1 fllf lrir "Jttribi! ily 1", 1,1.. I,..·t",,,- "
single-valued funct ions,
Definition 1 (ada pte d from [KreBS], p. 493) I., t I,!!: l; ' --+ B" . A lIIdrk
reduction from f to g i., a ,/ai,' O!'/1)!Yllmnifl/. tilm: !fUl rli(III.~ en,'/1)' III/u n 'J'I :
E" -+ E" alld Tj : E' xE ' _ E' , .~ll rll l"a ! /(:r.) = 1'-J(r.,y ('J'I(;r»)J/tll"fllf;r E s- .
T he following varia nt hold!! hd "' I'l:m Jl r(JhI'~ lIIs .
Defin icion 2 I.d " ..:. ,!' II' bt: pmblt.m.• a,u! .SOI••X (I) be Iht tid of ."olodiom'
","'~'lri"/ ,rl lfIil/. i ,,,.I" " N I n/ plTlbltm X . It mC'lrk rr~l llclion from n to Il" i.• 1:1
IHlir 'l/pn fyllnm i,Ji. li"" 1'lIlr/ in".• (1i . 71), lI'hrlT T1 : 1_ I' llndT2 : 1 )(S' _ ,<,'
.~/I"/' Jlml /n ,. ""!! l<i".qf"'Jfllard /'l.IIrl ion / Ihal .•oirY!t II' , T2(i . / {T1(t ))) E SOL·
11 (1) fn,.n. "!I i" .~/n.r,,-r " ,/ 11 .
'n i!!" ..llId loility i!!1\ rt'!lr ict ,..1vr-rsiou of t hl" Tllring rcd uri hility be tween pa rti al
umhiv..lur-d flllll·tiou!!dl'll nl..1 in [FIIOS92J. Nat'l th at the definitions of these
1Il1't ri.' r,·. llIl'ihilit il'!!IH ,' equivalent for prob lem s that IHe single-value d. Another
n-larlon ndl,..l r,' lillt'ml'tl t ra n also ho ld bet ween muhlvalucd functions . Given
lHult ivahll't l rll1wtiUII!II "Uti 9, Y is II. rr jillc lll o ,t of / if dOIll(fl = dom (g) And
fur ,,11 r E JUIII(Y) Alltl All y , ir geT) ..... Y thl!1l f(~ ) ..... y. These relations
r-eu ills.. huld 1J,'tw,'C'n whoh- c1/1.'I..<;("lI of functi ons. f or insta nce, if F and G are
tWll c1..s."''!iof par t ia l mul tl val ucd funct ions, then F ~, G if every f E F has a
rr,liu"1l\t'llt in a [s<>191, I). ,I). Roth inclusion and refinement relations can hold
I"-tw...·,, lllllll ivaln...1funct ion classes , and single-vAlued classescan be included in
nlll l t iva l1ll~ 1 d a:<:;l'!i (indt'C·tl, t ili, is equiv alen t to refinement }; however, o nly t he
s i nJ;l ,·· vah lt~ 1 ""lillt'IlU'lIt rchuiou call 1I0hlbetween mult ivalucd function classes
Gi\"t'n I,wo Ilruhl t·l1lK.r nudy and a redu cibil ity r, ~ and y arc compu la tiolla lfy
rqll ;r "lrll/ if .r ,·· r(',h lft'll to 11 and y r-rcduces to :r. Given a class of problems







r -reduccs to y. If II is X-lll\n\ and is also i ll S. 1/ is S -t'ff/II /,/d, ': if !I is .\"-hml
• fll'ilfnllrlir-rf/1/i"drllrr I'fI!llI'liIlIlX: I'ru bh'lIIs II ,m,1 lI ' el\tfl 'T \lilly III t heir
cost-functions /In and bw,aud tlu-n- ('xis1,; <l pair Ilf ]lUlyulIlllinl-tiu ll' Iuur-
and bw(x) = 1~ (bll ( .r ll .
• restriction miT/flioll,"; Problems II alltl II' dilr"TIIlily ill thnt ,fmll( II) C
dQm(f1') l.e. fI is a sll bpro loh'm of 11'.
By definit ion, rcstricticu and atithmd, il--t''lll iVlIII'l w''n~ llwtilJllS an' "lil ll .V -III l!· 11I111
metr ic reduc tions .
T hough some or t he problems ,tisf us.'w,1 ill this 1,Il'Si,; i1W must lla1.lIta lly tit··
fined o n n.+, a ll problem» will he Teslrir:ll" I 1.uQ+. UI'a] lI1IlIlIJl'ts ill ,l!;(·Il I'wl."lUl-
not he used beca use irrational 1lI11ll1lt'TS ('.g. V'l, nU llIo!. Ill' n 'l lI'( 'sl'II Lt'd withiu
a computer whose running time is honmh-d ]'y a Inurt lon or till' 1,·up;l.h " r it.1I
in put . All irrat ional Il11111hcrlI thal aris'~ in Glk illatio!ls must. 111s", I,,· dimh llltl',1
or ap proximated e .g . ,fii:..... r...fii l. A n(.<;t~ st lllly in how a Tt';l!·lIl lllll",r pruhh-m
is modified to be computable is given rOT tho Eur:lid('an Minimal Stl'i rll'T Trt ~·
problem in [GG.J77]. The [ower bounds giwu IJy slid llIollili",l l'ro loll'Hls WI till'
complexity of the actual problems is the best t hat earl IJI ~ ,lllut, wit hiu w rul'U-
tationa l complexity theory a~ it currently l~xists. J1l1wl~ ver , tltl'r,~ may Ill' ot.llI'r
optio ns [BSS8!J, K091/,
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T lnlllJ?;11 Jlro l,II~lI1 s will lw dcfluedon Q+ for t ile conven ience of readers , all
l'I'u],I" lIls will actually 0lwrat l' on N. T his is l ~as i l y do ne by mult iply ing ou t th e
rat i"lIid dl 'llllillilliltors Lt·. A, ~ -+ (·1, !J}-:-12, Th us , the bi t- re presen tation lengt h
lOf1II11 lllwrs will 1)(' pWl'Hrt iollill to tlu-ir value . This en sures t.ha t the len gth of
",·r1.aill Slllllll l'lIli" 1I111111l11lhPrs wilt 110t ,'xn't 'd t llat of larger num l..-rs (e.g . t hough
H< 1:1, pal+ 1141> 11:lli however , 11 :11< 11:1 · H I). Th is pro perty is necessary
ill sl'w!".,1proofs ill S{'t:tiulis :1.2.1 illll[ :l.2. :1.
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3 Computational Problems in Phylogenetic Sys-
t ematics
T his section hegins with an overvh-w or \·ilriu ll.~ ('UIlI"!' I, Il< ill l,h,d "KI' IIl'l i r- .~rl<·
tcmatirs, Th is is (oilo\\,('lI hy il H'vj ,,1V or n'rlaiu ,Il·"isillil prul.h'llIs ilSMH"jnl ", 1
wit h phylogenetic allll lysis Iising lilt' p l,y lul!:!'l lpli, ' 1':, rs;llu 'lly. rlla r;u'l"l" nOllI-
patibllity, ami various or the distaurr- matrix lill illp: ..ril,'!';" . ;111<1 11 n-viow tor
tho f ' ructions hy which these problems hll\,(' Ill't'll shown I,\) 1'1' NI"l'Ul1l pld,'
(Dayl'l:3, Dayil7, D,IS86, usss. DSil7, I\ril'lil . I\ Milfi]. TIIi .~ .~,'(·t iull alslI hlO' hull'1<
definitions IIUlI n-duct lons for sovornl uew l' hylup;I'IIt'tk PHrS;IllUIIY IJrll ll l t'Ill.~ t lHl l
allow limited amounts or rcrlculuf.lon, li S \\1('11 as It IIl' IV n-dm-tlonfur th.- A,ldith '('
Evo lut iona ry Tree problem [DnyX:!).
3.1 Phyl ogen e tic Sy st em at ics
Systematlca i ~ the subdiscipline ur hi lll()~ tlI1lL1II'nis with urrl l 'ri ll ~ IIlwd,'lI inlll
seta o r g rouJls (sy• teni.•) accord ing to varlons killiis ur rdl,lio lillhil' ll hdwl " '1I
species (e.g. ecological roles , geographical proximity, IIvm dl lliHlilnrit.y ) [AxH7,
Hen66], Phy logene t ic systematics is in t urn thcsubdis r-ipliuecf h i lllu~ic lt l llysl.t' IIl ­
aties conce rned with o rdering ~PCCiCll halll~d 1111 their l' vlIlllLillllary rd1it ifl Jlllh i r l.~;
specifically, species are groupe d together by desc ent Irum a WlIIl!lII11 arWI'llt"r, alill
these gro ups arc nes ted hierarchically to ma ke all evoluti oua ty tn-e. T lw prll r.( ~ ll ll
uf n 'nlll s l rll c :l in~ I·vululiu ua ry Lrt'ex is rltlt,'d phy/ogr;nclic fwaly.¥is ( phylogcnetic
illjln llrr). and IIIl' ,~ vu l llti(J lla ry t rees so reconst ructed arc called phylogcnirs,
'I'll" units that <H'~ un l"re d ill phylogenetic ana lysis arc called taxa. Two types
ur ,1;I!.itM I' typically xvailabl« to rocoustr uc t evolutionary rela tionships among
• Disc rete C hara ct er M atr ix : Tho data are an lII.by-d matrix giving t he
vahll's possl,'sSI,dhy eac h of 11 sd of 111 taxa for each or a set of rl cha rac-
If'r i.~ L inl. T II,'SI' rharHt,'ri~lks an, railed rf,amdrrlf and their values arc
,.fJtIlVII'It'l' .¥/IIif'.¥ For l'xnrn I Jh~ , a rharadcr Rowe r co lour might have char-
arkr sl,ntl'N blue, ye ll ow, and red, Character-states are grou ped into
rll1lrar tl'rs by 1,lw relati on of homology IAx87, EC80 , Wil8J].1 Th e vector
ur l' h a r;H~ h'r-stal(,ll over all taxa for a particular character is a etsaracier
IHlfl u lI, and tile vector or character-states over all characters for a partie -
lIllll' taxon ill a r}II!1'fu:ln'Ili.¥l ribul ioli . If a charac ter has on ly two stales, it
i ,~ hilHII',lf, ('lSI" i1 is lWCOlIslmillfd ( mllfli stalc), If a cha racter has a grap h
l 1/lltllPlllg.v i ~ the relation Muong d irrcr~n t structures in dHf~r~n~ species thftLevolved from a
WlI1l1lonnllc"fllrnl Blwri CB(e.l; . the cba(arl.~r me unualinn for e- li mb that. has ~ta~es arlll [hu-
rn'lIl l"' \ugs, 11 111"ll),!Dl'rlrg(dog s, horst'!l,ligelll) , wings (bats), a nd jl ippcrs (dolphinB, whales» ,
'1'110'1>' art' nt.h,'r kill<l ~ of rdll ~ i on" 1I1110llg observed chaUder·s ln ln, such as ana/D!!,. the tela-
~i,," ('Of. i1uil;' r drllr lur.'ll ill c1Hrerelll apedca tbal Ilnvc IlTisen inde pendent ly luee vere l ances\fll l
sl"'ci ,,s (e.g, t he cbnractt'f win g" ~hal grOlll'B together ~be wings of insects, birds, a nd batll) ,
,\ 11 ch" rnrh' r·aln lr rd llliollBgive cvolurionn ry infc rmerion of some sort ; however, only hcmc l-
"lIy .ldi lllilltg rolll's o(sl'('dcs ! lll\rins n commOllallcl.'Slo r, lIudthllsoulyebB rllclers forme d by
h" l1lul"gy nl't" u....flll inT ('coIlBlm ct itll\ cvolnl ioallry l rees.
In the cusc ormolceule r scqne ucee. 1101l1010g1 cll11hold all1ongd ifferclltseqllcllcesfromdif-
f,'ft'lll sl,,'rit'll, l\II wdl ll!lbetw een dHrNellt positionsin different BCGUCllCrs; Indeed , th e problem
" f ,,,,tlll,lishi llg ......juene....pOJlilioll homology j~ lhal of d~ti vi ll g II. II('q lle ll c~ a lignme nt [5000, Pl' .
<lUi-,ll i i, N ,, ~,' that in mol~lIl ~ r biology, th e tcnu "homology" ie alec II. synonym for sequence
sil ll i1 lHit ~' (M Il!lO, 1'1', i - 9J.
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imposed on its 8tatCfi W hO'~I' 1'llgl'lI spl'd fy t ilt' Hl1m~ il b l l' dl HIIIl:I':< Irum tim'
sta re to another, t Ill' cha racter is ort/rn d; l'l ~I' , l11l' r!l;\I'ill'll'r b lII/nt'l/fl nl.
If the edges of all ordered l'1liuackT's graph are ,lin"' k, l, t ilt' l'ha"ilt'h' r ill
l/o1ari::cd, else, it is lIllJlolm·i:rt/. If lIlt' ('d~t'li of i1llt11'l1"f\ '(1dw ril<'ll'T'i'\ Il:l'aph
have weight s, th e charnder is Il'r(qlilrl/: "1st, iI.iii 11/I11'r;.'Ihin/. Orckn'l l d lilr-
acte rs a rc typically ba.~t'd on liul"l r, romplete, o r lL~'(' ,l!; ril l l h.~ , In ptllllriz,'( 1
cha rac ters , if sta te X is t1w sourn ' of a diw r t"ll pilLh t.tl slat." l, X is 1111-
cesll"(lltoY and Y is dr.,.iIJcd n 'l"t ivt, to X. '1'111' SI,lll.,· t hat is illll'l'i'ltrill 1.11a ll
cha rac ter -states ill a lJOlarizctl rhllfi\cLt'T is t .lu- IttlC,'st.ral sl,IIt.!' fur t lwLrher -
acto r. By convention, the 'l llc('i'\l.rnl 1U1I1 ,Ie l'ivt',l i'\Lnt.t'Min pll];II'i ~I ,t l l.illilTY
cha rac ters are wrlt teu as 0 au rl J,
• Dist ance Matrix: TIll' data nre a ll m- lJy.m l11 aLri x Il;i villll; II l1ll'il SlIn '
of di ssimilarity or simila rity hcl wl'l'1I t'ach I'" ir u f t llxa i ll a lid , .<'" IJf I"
taxa. The te rms "similari ty" and "tlis.sitl lila ril.y" tll'nol t· ' 11lIIULi l il's t hlll
are precisely defined IUlll inversely rd illell; when r i~or is 110 1. tl'IllJil'I'(! or
specified, beth will be rlcncted hy t he te rm "tlislmw,'" [SO!JO, 1', 1~:II . Let
M.. he t he set of non- negati ve ral.iorllli real· vahll'd lIlal.t il:"S 1111 II taxa , 11 11 01
B.. C M.. be the set of all mat rices whose "ff' l lia~1I11 1l1 vall ll~~ ,lrI ' in {I , :.!}.
by analogy with disc re te char a rt cr s, Let X,~·, IHl rnntrlx X lin .... rr ~s l ri r. t.t'fl
lo S' C S. Every m a t rix repr esent s a InSla llCI! flllldiflll ,1 .. ,,'1 -t n, wllid.
lII11y sat isfy !oo< ,ml~ M,lrid flf 1I1e follow ing propcrlil'li.
I. V.s:E S.J(.c• .I:) =0.
t . V.r.,11 E S , 1/( .r.,y) =0 illl l'lil.....r =y.
a. VI., II € ,"",I/( ,I', Y) = d(lI • .I:).
4. V,I',Y, : E H, ./(,1',, ):5 d(r,: )+d(: , g).
fl . V.r,II , =E ....·, il(.r ,Yl:5 lIliLx[d(x, =l, d(: , y )J.
Ii. V.r,f/,=,mE S ,
,[{.r, y l tl/(: , w) :5mll.x[il(J',::) + rl(lI, w), rl(.r. 10)+ cl(y,= )J.
C" u,]iliulL:< (·1), (.'i), nnd(6) art' known a.'! the Irhmglr, ullm md ric. an d
fIIMit;"r im 'llllillil il"N, m1IK'<:tivcly. A Iunrucn th At sat is fies conditions ( I),
(2 ), a1l<1 (:I) iMi1l'r m imr lri r, i f cond ition (4) 'of a lso sa t isfied, the fu nction is a
II/,.,rir. ~II ,t ri", lhAt "i1tisf)' condition s (5) and (6) are known as ullro.mclriC$
1I1It1 trrr mrt rirs. f1'SIK'Cth-dy (see Figure :J). T he m.n-bc r of d istinct off-
Iliil~'>Ila l \'a)U1'!1 ill all uhramctric is the brig'" of that nh ramet ric. Tree'
!"I'lril'lI ;ultl IIlt rallwtrif1l l'll.lI 1)(' represented M tret"S; le t U" (A..) he the
sc't \,r .,1111ltra ml'l r ic (addit ive) trees on II l a xa , U..., C V.. be the set of All
11 11 rMIll'lrk trl'l'lI1111 II taxa o f height at most If, 1 :5 il ~ 11 (11 - 1)/ 2, and
1l"1' :{I" ..... ,\flo (11' ,1: It,, -+ M" l lll' t lll'f ull('t ion thll.t maps Ru ultr amctric
(rllhlil i\'\') t recouto ib ultramctric ( t r~' metri c). In this thco;i!:!. A.. will be
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Figu re 3: Types or rnct rics [ taken lrum [lJayHSj): (a) a IJll'hir IUlll II l'u~si1J Il'
reprcseuta t lo u ill the 2-D Euclidea n plan,,; (Ii) an 11 Ilr /lll\f"hk 1111,1 ih 1~""'K'ill ll ..1
ultr ametrie tr cc; (e) II t ree IllcLrk am i its 1l.~!If ",:i atf'flllll. l itiVl' t r...-,
rooted or un roo tcd. Ultr alllclric trl,(~ ('u rn ';l lUlfl tu r n.. t l,,1 iulllilivl' In '(os
in which eac h lear is tho samc di slan n ' lrorn t lw root,
Discrete character mat rices ar c gl'llcra k,,1by 1 '1: 11lll i n ill~ t1 1l ~ 1nxn ..r illll'r,ost, IJis<
ra nee ma tri ces are gellcr alf 'l'l l!iwdly vi" n' rbi ll 11'l""lmi'I Ill'S [i .e-. iIIl1l11 111l1luJl;iral
assay. DNA - DN" hy lu itlizat ioll) or 1 11~rivl'l'l rmlll , Ii~tdl~ d lar ad "r mahin'S
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hy upplylng It distance func tio n deflue d on pairs of character di st r ibution s. Raw
di sl, lll I Cl ~ m ltt ri C:I ' .~ must often he tr ansformed into mat rices t hat reflect "t rue"
( ~ Vllllllil! t1ary t1 islarll:(~ [SOnO, PI" 122-1:J(j), These ty pe s of da ta arc not ide al for
ti ll' lll.skof Tl'nJlIslr lld ilig evolut ionary history, but they lire sufficient: as taxa
fJrip;illiL11' f,y illlll'ritaJln~ with lItllflifiralioll, each ancestr al line age in th e evolu-
1. l!llIilfY trl'l~ Ii/l~ It'ft i t.~ sigual.ure in its rlcsccndunts, eit her 1\.'1 character sta tes
t hai, have- prupngall' d to t llat. lillt'IIIl;C'S dcsccndouts , or as a cer tai n evolutionary
,lisln lWI' by which e/I.Ch slid I d,'S" ('('llIl(,l1t is separated from every oth er tax on ill
t ill' t l'l~ '. Hence, many of th<! ancestra l lineages , as well t he det a ils or t he pr ocess
loy which 1I11('('stral lilll'ages gav e risr- to t he observed t a xa, ca n he reconstructed
IIsing till' tYl'l'Sof ,lata above [ECSO].
Tl lI'rI' ure .<;(!vcra l othe r useful represe ntations for evolutionary trees besides
I , Tl ~ ' ~ riLp lls, 111 t rees cons tructed llsing discrete charac ter data, each ve rtex in
t il,' l rl'!' llll~ ils own set of char ader-slal e values. T hese t rees ca n be summarized
loy 1.111 ' d tilfJlt't<'r-sLal(' sl'ls 0 1" thclr vertices [sec Figu re 4). Alternati vely, for
('iU'1! d tar ild( 'r, <lilt' can lIlap till' sd of verlices possesslug eac h charectcr-etate
onto 1ha1 d larad er 's charac ter-sta te grap h to create a cladistic duu-acter. and
s11l11l1mrhw n tree hy its set of cladistic characte rs. Cladistic char acters ar e often
l'llS1t'r til visualiz e iI.'1 t rees o f subsets (sec Figure 5), Discret e character matrices
aud individual cha racters ma y also be summarized by cladi st ic characte rs. Non -




! P "" [PijJ,where Pij is thl" ~ '11l1 of tlu- weights of ;111 ('([gt's 1111 I.1w 1IIIIh ht'l\\'t't'lita xa i and j ill the give n t ree. A t tl'(' whose patristk- 1I11ltrix is illl 1l1 1,til1lll'trlr uf
height q can be represented [JS71, Ill' . -Ill-MIl fl\ M:'fi. p. :l 1:!1as ,) ('1+ 1 ) - II 'll~tli
sequence of pairs ( Pil l;) such tim!
2. I; is an integer such that 0 "" I , < Il < . . < I(q+ll>
For example, the partition rcp rrsI'1I1HliulI of 1111' ull rilllH'lri(' ln 1' of 111'i~ llt ,I ill
Pa rt (b) of Figure 3 is
(Pil l .) ({{I ) , P },{:lj, ('!}, I"}I,II),
(P" I,) ({{I), {' ), {' ),( :I," }}, "'I,
(P3,1.1) (({I, 2}, {' },{:l, r,) },"'),
(P~, l~) ({{1, 1, o1 }, p , !i}1,:lU), au,1
( I'"l,,) ({{I, 2, :I,1, "}},""),
By convention, the weight of au edgo ill II 1m! T('rOIlSlr U!:l, ', 1 IlSillP; flisnl'll'-
character data is the SUIn of the weights of all f:haradl'r -llt alt ! dl/lllW~ (r:!Ulrndu' ,












Figun: -1 : A I l i~ c ret{' eharuetor t ree. This unr ooted tree is based 01\ 5 unweighted
binary r-hurnelcrs., and lias ~ length of 9. Th e number on an edge denotes t he
dlllrl\dt'r wllu~c st atl! II1L" changed on that edge. Note that there arc mult iple
d lllrl\d l'I'·Ii1.Il1.c tra nsit ions iu characters 2 and 5.
I'd . The ttc't';; Iic ,II'rh,d hy each app roach as the best esti mates of the actual
evolutionary 1rl'(' for ,I(lata set are tile t rees whose cost is opt imal for t ha t
llata lied. ulldl'!' t hat approach's cr ite rion. Hence, each approach to phylog enet ic
ilIlillysili is all upti miz'ltiolLproble m .
S"Vt'rn.1 of the must popular ap proaches to phylogenetic analysis tha t use
,Iisr n'tl' d lararlt'r data arc:
• P hyl oge netic P a r simony [lIe n66, I<F69]: Selects th e evolu tionary tree
of ll!lurt('l;t lengt h t hat reprodu ces the charact er distrib utions for t he given
taxa , wln-n- the tt l/glh of a tree is the sum of the weights of all edges in t he
t ~'t'. TIll' hypothesis encode d in this tree is pre ferred beca use it explains as
murh or till' ohsl' rved charac ter dist ributions as possible by character-state
t rll11sit ions ill a "0111111011ancestor, and invokes th e Fewest ad hoc hypotheses
















Figure 5: Cha racter- state tr ees (ada pted from lDaySH]). Part (a) s llOws Ulrl!f l
cha racter-st at e trees Cit C'l. and Ca . Part (h ) shows t.1l1!trees ur .~ Il "seb rnr-rre-
spe nding to each of these characters as dete rmined by discrete rhat;u~ter tnatr-ix
X on the set of taxa oS' = {A, B,C, D, B,F}.
:11
CIUI.ractcr·Sta tc Cha racte r
Crilc~ ri cHl Transition Res t rictions Ord er Ty J>C
Wagne c WL Norcstri dions . Linear
(UII<:a r )
W.tgJl(~r IVG Norcstridiolls . O rdered
« (:t'lIc~ra l )
Filch F; Nc rcetri ctions . Com plet e
C:.unill-S ,,1uJ CS No tr l\ llsilioll!i from de rived to an' Or dered
C'ClIl ra l stalcs.
n..lIo Do One t ra nsition from llnt"cs t ralto de- Linear
rived stale pe r character.
C:llrlllll osunw CI One t ra nsit io n (rom anc estra l 10 Linear
Illvl'r s ioll hetero zygous stale pe r character;
( J'lIIY lll l ,r p h i~ lI l) not ra ns itions f rom ancC'lilrll to de-
rived o r from derived to ancest ra l
or heterozygous states.
(:I'lll' r ali ~~'( 1 G. Specified for each cha racter. Or dered
TIlMe I : Phylo gen etic p arsimon y n ill'f ia.
'l'hon- 1Irt' several phy~ell (>t i (" parsirn ony cri ter ia, eac h of which encod es a
ditli-n- nt model of ev olutio n by placing diffe rent res tr ict ions on the ty pes
an d 1III1lllwrli or chl\u.cler-staLe lran si t ions l\llowllble in a t ree (see T a ble
I). T he Wag uer Line ar IKF"69], Waguer Ocnerel, am' Fitch {F"it 71] crite ria
assume the lIillll,l<.>Kt model o f evoluti on, in wh ich cha racter-state chang e is
rev e rsible, TI ll' Call1in ·Sokal c riterion (CS65Jass umes t hat chara cter change
is Irrewrslblc whilet he 00110criter io nI Far77) assumes that cha racte r-state
rhe ug« j~ r(,"I'r~ibk' lnu chararler-stale origi n is unique T he Chromo-
S111llt" Iuvcraiun rritcrion War 78] is a restric ted 00110 criterion whose chat-
ill' lI'T1I hA\'(' t hn-c IIllllc'S: anc est ral (A) , derived D ), and hete rozy gous (H
= {A , D) ). T ill' (lc ucrahe cd JlAl1IimOll)' cri te rion ISCSJ] repr esents ch e rec-
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t e re lIS m at rices of distances betw een rhllrllclt'l' Sl lll l'~ ( .~I C/IIIIII I ,.itT,~) , which
allows th is critC'rion to slmulntc all pussihl l' IlaNil11ull.\' ni twia h)' p lal'inp;
a pprop ria te restrictions 011 t hc' sl.lllc" l rllllsitiOll IwiAltls [SO !lll, 1,' ip;lIrt' I I ,
p. ,1641·
Note t ha t in t he hiologk nl litemture, Ilh)' lojl;I'lId,i., l'il fsimUH)' 111<'1 !Iu ds an '
also called cladistic pars im ony or dadis t i (~ IIll't lu" ls, ILltOl Ih"t li lt' term
"p hylogenetic systomuries" is 011 occm;illll l"l'Strk l t'd ltl l.llt' i nfc'rl'Ill'" of N''' '
Jutionary trees hy phylogeneticpa rs il1lully methods .
• Character Com patib ility !t\I EHri]: Il"l '.m sltud s 1I1e' r-volutiuun.ry 11'1'1'
from the largest subset or ti ll' givcu .-JlHad.'fS 1hllt an ' 11ilirw isl'l 'lI1l1pill illll' ,
where t wo cladistic char acters /\' an d /, ll.rt ~ fUmplllihll' if lht'n' t'xi,~1.s II Itl,t,
of subsets M such that the treesof snhsl'I.s K /lud L or tllt'St' t"1li1rad.I'rs lin '
• Max im um Likelihood [Fd81] : S{'kI;L~ the l~vulll till ll llfY I.m' th llL II I~~ lIlt'
g reatest probability or producing till : fn :lpWllf,iell of {'lId l ty l"~ lI r t:hllfi u'lc'r-
patt ern in t he data, i.e . the ma x imum Jikd ihoot! f!((,'/IfIl'ljdll'.~ I '/',.,.".1,
relative to some pro lmlJilistir. mu d d tlf Ch arlld(~r-sllll t~ l~h /ll l ':;( ~,
• I nvari a n ts (Evo lut iona ry Par s im ony ) [CFM7, Lllk>l7): Sdt'l:llll<'I ~vtJIIJ '
tiouary tree th at h t~~ t sat isfles its H.s~odakd illllflrirmlx, wlJir:h 1lTl' lI h~dmlk
rn llsl rilillts CIII ti ll' ebse rved [requoncies or f'ach type or charac ter-pattern
thl!.t IIIIM rur tl ult tfl 'C over a ll possih le di scret e character matrices. The set
"f iuvil rilUll., for c'JU:h C'vcllllt io lla ry t ree is de rived rela tive to some probe-
I.ilis t ir lIluclc'l o f d lilrilck' r·s td r ehange.
'1'111'" ' arc' ma ny apl' rc:mrllf"l to phylogcnerl c ana lysis ll sin~ dis tance ma tr ix
.latll , all uf whirh IUIslllll't1l l1. t tlwgivl'n distalln~s represent or close ly app roximate
urtual I'vulllt iUlilry .list/\Ilc l's Ilel WC'C lI ta xa . Most of t hese Approaches compu te
Ow 1l11.ratlll'l.l'ir or t ree nnwic corresponding to the tr ee tha t has th e minimal
<li.~ llL '1l'c' fru m tile gtvcu scmituct ric accord ing to some statist ic. Many or t hese
stat ist ir s an ' IlIulc,<I on lIl1' Minkowski mctrlcs L" q ;:: I , de fined 011 pai rs of
lIla lr irc'S n allli P o n t /lXa S .
1.., (0, P) = { L IDr . - Pr.I' } I/'
,""




/-: .( IJ./' ) = 2: 11J,. - p,,1"
.loriS
InE {I,2)1 (3)
F(D, I' ) = 100 x E: ,o,lIES I D,,~ - P,~I
I:.I. ~ES D"" (4)
wlll'TI' /,', is Ih.' / .st "t i"tk [Fllri2!, F1 is t he least-squ ares fit criterion (CE 67],
mil l F " 'aN . lc,rilll'c1 il l [!'WiG]. Nol l' t hat eae h slll.tis tic in both of t he groups
J.I
group. One can also vkw thr giveu dislanCl~ nut Jlll la rll:I1 11 til I" , ill'l. n 1xilllilh'l l
but all low er bounds on wha t should Ill' a ppruxill1atl..1. Thi ll b "lIIh,Mli....1 ill
t he conc ept or dOlllilltHUY, l .e, for mr tri("!l fJ lllld IY Ull i\ llI't or "hjl'l"lli S , "
Jomi ,udcs D' (D ~ D' ) iflt.r,N E S, Dr , ~ fY.., psn, p, !i:!I. Tllllllttl. c1"mill lllll'"
WAS origina lly proposed for fitt ing nltraU1l'lric t rl"'"lI, it h illl illSCI 11' ''''11 lll'l'1l il1l'1ll1ll'
met hods for fitting additivr tr<'('ll [SOflO, P. 'I!i l l.
Each a pproac h to phylogenetic IInaly~ i s l' lIIbmli"!I sunil' Il11Hl"l lIr l ltl' c'Vlll ll'
t ionary proccs~ or charAcler d Hmgc; :>11m,' an ' I lI lIn ~ l' l'Iplid t t huu 1I111l'r!l in 111<'
statement o f th e model thAt lhey IISC, The l rl '1~ Ilwelllc' '11 by l';wh apl'rlIilf'l, a rc'
useful to t he exte nt th al olle hdievCll in tlU' mudd l'II1I>1..li''11by t llilL llPI'Rll,l'iI .
See[FeISS,P IIS92, S090) ror a «>Tlll' l.'1l' review or a pp" ll...I" "lI t" I'llylll~." u- ti. ·
analysis an d com puter programs illll)lemmtillll; till'!\(' a l.prlliwl ll'>I.
3.2 NP-Complete Problems in Phylogen~t ic Systemat ics
Since 1982, decision problems for th e majo r phyluJ;I'/Il't ir plIDill1uny ni l,( 'ri;~
(Oay8.1, OJ S86, OS87, GF82], thc charilr.ll~r cOlllplltil.iIily c rit l' riull IIJSHli). JlIl.1
various dist ance mat rix filti ng criter ia ror lIlt rn ltld ri,: aud n,I,lit iv" lr' '' 'lj [l)ayH:l,
Day87, Kri86. Kri88. KM86J have h(~:11 ~llOW II N P- c:ulrl p ldl~ IlS i ll p; rl~, lllcti ,," .. Inuu
t he NP -complete pro blem s given ill Tab l c~ 2, A>I tal, ~r ~1:d iIl Il S "rlhis ll u~ i,~ will
make exten sive usc or bo th these ddin il iolJ~ anr] till!!'!! n..llldi olls, 1I1l'y will 1 1l ~
venrex CO VEl rV e) {GT l]
In st anc cr A .ltraph r:= (V, B ) aud II positive integer 1\' $IVI·
Q uestion : het.lu~re iL IIfr/ex rovcrof s ize Ji or less fur G , that is, a subset V' ~ V
~ lId l that IV'I :S: 11' and , fur each edge {u, v} E E , al least one of II or v
1,..lollp;s til V"!
E XACT COVEll flY 3 -S.;TS (X3C) [SP2]
Ins t an ce : A set X wi t lJ IX I = :tIl and a collection C o f 3-elem en t subset s uf X.
Qu es ti on : f) (,...~ C co ntain an rrect ro vcr fur X , that is, a sub collcct ion G' ~ C
~lI rli t ha1 every eleme nt of X occurs in ex actly one mcmber ol G'?
CI . rQ U ~: [GT19]
Instance: A graph G =(V, B ) and a positive integer J $ IVI.
Q uestio n: f)oc '~ G con tain a dieuc of size J or more, t hat is, a subset V' ~ V
surl! t hat lV'I 2:: J nnrle very two vertices in V' are joined by an edge in E?
'l'ah lc'1: Bllsic NP-{'OIlI I)lc1e dcci ~i on problems (taken from [G.I79]). T he reference
1I1111llWI'1l IlSs ig lll'd 10 these prob lems ill tile list of NP-com plete de cision prob lems
ill [G,17!1] are given ill square luackcts.
revie wed in th is sect ion. Each reducti on will be given a forma l definit ion in th e
sl,ylt' or ll\ar ii], followedhy a sketch or its proof of correctness.
3,2, 1 Phy loge netic Pars im ony
1':iU'hIlr t llt'St' problemsi~ given as inpu t a di screte character matrix for 111 taxa
and d rhurncters, and operates on au implic it graph G whose vertices are the
St'! of nil ,J·d i nll'n~iollulllUi llb defined by the states or t he given characters an d
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whose edges are speci fied by t he allowahh- t ra ll s it.illlls Iwl,Wt't'ulht' stall' s ill lllt'sl'
cha rac ters. Each phylogenetic parslmony prob lom St't'ks t.ln-1'\'uIHtiuna r,\' 111'(' ill
G of minim um luugt.lr t hat lucludvs tlu- givr-n tax a, SUhjl'I'l t,u till' l1'str idiulls
011character-state transitions tha t arc particu lar tu thal , p ruhh'IIl 's ni t,I'riuli (St"-'
Ta ble I), The given cha rilcll ' rs CRII hi' rt'str ic l.('II; lI vurlous ways t tl 1!:1'1ll'1"illt, 11
fam ily of phylogene tic. parsim ony proh lt'l11 "Ne ll. ' llIata" (St'" T.,h[ t·s:l, -I. und Xl;
ea ch phylogen etic parsimony criterion r-an t ta-u Ill' app lit't1 It ' 1.11< ':1" Sd lt'lIIlLili tu
gen er ate problems. T he hiera rchy or Sll hproh l (' Ill~ gl·lll'ra 1.l'd 11)' Lllt'sl' Xd1O'1lillta
will be useful in later sections or this thesis.
Consider the Iollowlng res l rictions 011 ti ll' giv(,tl rhilrlu'Lt' r,~:
• Clad is tic vs, Ordere d vs. Q ua litat ive: .\ rflll/i.~li/' (Cl pruhl l'lIl iN
given p olarized cher actc rs, an lJ/Ylr l'ft l (0 ) prcbleru i ~ giV('1l unll'rI 'l l ch<lr-
acters , a nd 1\ qualitative (Q) is given 1I1lurl ll'rl'll rharill'tt·rx. l'Alrh problum
finds so lutlous t.ha t are consisten t willii ts dlll Tlu'le rll; IIOWl·vN ,u rdl 'r..r] lUl< l
qualitat.ive problema m ust also null charat:lt~r pularilllL liulis and "r , l t ~ri ll~x
for which solut ions exist, T!l11 clad isl ic Illuillitalivt ~ tlistilld iolt WiL~ l1uul"
in [D.JS 86, EM77, EM80] fer hinary charadt~ rs; all ll llll 1itllti vl~ nml Iln bt'l l
problems are equi valent for biliary r.haract l!rS,lilt: .!is1.indiol) ur unl t'riuJIill
only applicable to unconstrained charac t e rs.
Cladist ic prnhlern a correspond to I'llyloge lwtk ltllalysis [mw, ~, lllr'~ 111lll pru-
duce e xp licitly rooted trees. orr1 f'r.~J p roblems r:o rrt~(ltlll< l to prfJ .:( ~,l llws
:17
tflill produce elth or rooted or unrooted t rec~, and qualitative problems cor-
respuncl to procedures n.-I , IU Transforma tio n Ser ies Analysis {Mic82] that
Minllllt.ilncollMly produee t tr'{'.~ and der ive ch a racter ordering a nd pola rization
Irom t1w givl'l) d ilta(d. [Li[192J).
• B ina ry vs. Unconst ra in ed : A problem is biu01y (B ) if it is rest ricted to
hirlUry (hnract,-'r~; otherwise, the problem is uucon.~trajlled (U) .
• Weigh t ed vs, Unwelghted . A prublem is u1UlJci9ht~d (U) if it is rc-
~ t rktt~d to unwcightcd cha racters; ot herwise, the pro blem i:; tJldgftled (W).
TIll' f VI' aclu-mata gcneratedhy the first two of these rest rictions are given in Ta-
hlt~s:l IUI1I1; th e remaiulng rClltriclioll y ields a tota l of te n schemata. The validity
IIf 11 11~st' rest.t lctions for each of the phylogenet ic parsimo ny crit eria is show n in
'I';,h l(' rl. Bestr ir lions do not apilly to a particu lar criterion i~ they conflict with
lilt' re Mlrk lioll 1limpose d by that criterio n e.g. Doll e crite rion characters can only
1111\1(' t f lrt,~ statcs; F'itc h criterion characters are by definiti on uawelghtcd an d or-
Ill'rcd . Thea pplica tio n of nil p hylogenet ic pars im ony crit eria to valid schema ta
y il,td~ :l!Jphylogenetic parsimony problems (see T ables 6 and 7).
Add itional phylogenetic par simony problems mey be generated by all owing
l'I'ulllt ioll11ry t f('l'~ to include limi ted amou nts of re ticulat ion, Consider t he prcb-
11'111Sd lt'lIl11taill Table 8 defined for eac h non-re t.iculat e phylogeneti c pa rsim ony
problemX. These srhemalll.rest rict the amount s of available (the SHX and SRX
~dlt' lllalil) or allo wable (t ill' !··II X and k·RX schemata) retic ulatio n that can oc-
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BINARY C I,AD ISTIC X (B CX )
Inst a nc e: Posi t ive int eger ff; a ~ llh~d S of {O. I r-.lIllIl a I lO~i l i Vl' intl'Apr lt ,
Question : ls t hcrc a p hylogcny ~ali ~ (y illg rrilt~ ri (Jll X th nt j ll('hH I('~ .... i ~ rnutl'l!
at the foo t -typ e vertex, <1.1 \\1 has length Ill. Illu~t If!
BINARY Q UA LITATIV E X ( B Q X)
Inst a n ce : Same M Be X, except that no r hara d l' r ill n -qnin ...1 t il IH' Ilirl...·\,(...1.
Ques t io n: Is t he re a phylogeny l\ ilt i~ fY ; lIg rri tl 'r inn X I.IH\t ill d ll<ll 'll ,.... ;ull i l H~'"
lellgth at mostB1
Table 3: Phylogenetic parsimony doclsieu prol,I.,ltl sl ~lll' l1latl\ (lIoll-rd ,k lllall'
t rees] (adapted from (0 .1586]) , 'l'he, c Sd [(~l1 l1\ta nrc stll tl'cl rl'1 ali vt ~ 1tl It phy-
tcgcnctlc parsimony c rit erion X. If X E {G[I US}. foo t - type is "all'il1ll'I'lilra l";
if X "" Do, ro o t-t yp e is "all-dcrivt...l",
Nolc t hat the statemen ts or problems given abo ve ,Iim' r rrllUl [J).ISXfi, IJSH7! i ll
that t he bound B is on the number or ,~( [gt'~ rat her 1I11U I t l ll~ 1I 111 111wr or Vl ~ rl il't ,...
in the tree. T h e two for mulati ons are cqlliva[" lIt ; I IlIW( ~ VI'1", lilt' fornu- il l l " lV~ il
more natural inte rpretalion of weighted pruhlerns.
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1]Nl:(lNSTIlA INW C LADiST ic; X (UCX )
I nst anc e . I'cr.;itiv\' illk gc'r rlj set s A1, . . . ,A d or characte r-states, and directe d
dlil l'llf:ll'r- ~ 1. llt t· grarh~ (,'1, ... , (;,/ specifying allowab le t ransit ions among
11)('~l' ~1.;lll's ; 11suhsct S or Al x " , x Ad;allll a posit ive integer B,
qu est io n : Is lIu're it phylogeny sati ~ ry i ng criterion X and the given direc ted
l"iIMilr1.t'r-slat(' gm plJs that i lJ clllclt~s S, is rooted at the roo t-t yp e ve rtex,
HIIlI hnsIt·IIKI.ll at most IJ'!
U rwoNS'!' Il,\I:IH: O O Il Il EII ~; 1l X (UOX)
Iu s tnn ce : Silltll' us (leX, except that none of the charact er-state graphs are
d in ·elf-d .
Qucs t ion: I .~ tlll'fl' ._Olllt' I'0 l!lrizalioll of t he given character-state grap hs t hat
;{I I ,,\I'~ II Ilhyl01l:t'IIY sat isfying criterion X that includes S and has length at
1l1lJ.~1. If!
UNcoNsTII ,WU:ll QU AU TAT IVE X ( U Q X)
In s t nn ce : S1I 11II' ilS llC X, except that II OIl(' or the character-state graphs arc
urtl t·rt'tl.
Quest ion: [ ~ I.ht'rl· SOl!l e' ordering and polar ization of the give n cha racter -state
Kraphs t hat a llows a phylogeny sat isryillg criterion X that includes S and
lllls lengthat most In
Tail it' ·1: I' hylu,l!;"!Lt-til' parsimcuy decision problem schem ata [non- rut jcul atc
In't·s ) (n ml"d fWIll T~11 111' :J).
10
Ch ulistil- /
U I ~'\'l'ighlt'll l Biliary 1 On ll' I"I'c l l #
Cri te rion Weigh h'll Unronstraincd QUlIlillll.i\·I' l'rulo.
Wagner Linear WL v' v' o.q ,
Wagner Gencral WG v' v' o .q ,
Fi tch Fi v' a -,
Cam in·Soka l CS v' v' C,O,Q I~
0 0110 Do v' v' C, O, Q I:!
Chromosome CI C, O, Q
"Inversion
Gen eralized Ge v' v' a .,
I I I I I '1\ltlll I :m I
Table 5: App licabili ty of input charnetl' r tl'st rktiuns l,u )ll ly lu~!;I'Ill'1.k piLrsililollY
criteria. T he given tot al 1IL1 1l11('r of IJw h!PI1IS is slllalll' r than I'XIlL'l"l I'11 1l1'I'aus"
some of these problem s a rc e 'l uivall ·,.t ; 1I1~' Tubk-s Ii 1I11!1 'i" flJr , Idllilll ,
cur in a t ree. See Appendix A for furt]l('r discussion o f tl l('s,' sd IC·III1LI.II. Earll " 1111
be a pplied to all phylogenetic pa rsimony p l"llhh'llls fTI'lIll 'oI so fBI', AiviliAII t"t.i,1
of 156 phy logene tic pars imony pro blems. (Juc such prohk-ru i.~ k- lltr ll OW L, ti ll'
k-Recornbinatioll un der Unweight C'd Ullwnstrai r,,~1 Ofl ll 'l"I ~1 WilAIll'r Lir" 'iLr par -
simony problem. Noll' t ha t as reticulation is a lwiLYsd irc'I'l.c'rl,the trl 'i'S prudlll ·,·,1
by these problems arc rooted .
It is 110 t obvlous at first glance t lrat lh ( ~ prolJl"ll\s Hlmvt· ar, ~ ill Nl' . CCJIIVl'Il-
tioua l tree-t rave rsal algorith ms ca ll he modified tu r-herkall pnrslnmuy rri t,l-ria
for both no n-re ticul ate and ret icula te trec'S ill thm- pol ynomial in t.l lt ~ si~t · urtill'
candidate solu t ion [StaT80, Sec tion aI,but such slIlll li llllS 1Ifl' not Il;lIarall l,I'c-d t il
be of size polyn om ial in tile size of t hl ~ ius1." 'Ir.f'!Jera llSt' tlll :y tlliKltl. III' liS 1'<1'11;1' as
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I Aerouy m I P roblem I
11IlW IJnwd ghlcd Binary Wagner
IIBOWL Uuweightod Biliary Orde red Wagner Linear
UBQWL Huweiglned Binar y Quali tat! \'(' Wagner Linea r
unown truwdghkd Binary Ordered Wagner General
IJIJQWG Uuwcightcd Binary Qualitati ve Wagner Gen eral
BFi Bina ry I~itch
IIIl W Unweigbtcd Unconstra ined Wagne r
lJUQWG Unweigbtcd Unconstra ined Qualita tive Wag ner
GCllcral
UFi Unconstr ained Fitch
WBW W('ightc(! Binar y Wagner
WHOWL Weighted Biliary Ordered Wagner Linear
WIlQWL Wdgll Lcd BiUM}' Qualita ti ve Wa~J1cr Linear
W BOWG Weighted Binary Drdcred Wagner General
WIIQWG Wci~hlcd Binary Qualitative Wagner Genera l
HIIOW!. Ullwd ghl ed Unconst rained Orde red Wagner Linear
Ill rQW!. Unwcightc d Unconstrained Qualita tive Wagller
Linear
W\10W I. W(·ighte(! Unconst rained Ordered Wagner Linear
WIIQWI. Weighted Unconstrained Qualitati ve Wagner Linea r
\ 1\ IOWG Hnweighted Unconstr ained Ordered Wagner General
Wl l0W(; Weighted Unconstrained Ordered Wagner Gene ral
WIlQWG Wd hted Unconslrai ned Qualita tiv e Wagner General
Tilhlt' Ii: I'hyluW·llt·tir parsimony dccialc n problems (non-re ticulate t rees}. Each
~rullp ur !·<!llh'" lt·n1.problems is indented, and appears afte r the acronym fer t hat
group .
Acrunym Problem
HBGe S lJnwcightcd Binary Cladist ic Carnin -Sokal
1I1lQCS Unwoightcd Binary Qualitative Camin-Sokal
IJBOCS Unwcightcd Hinary Ordered Cami n-Sokal
lJlIQGS Unwcightod Binar y Quali tative Camin-Sokal
tl UCCS Unwcighted Unconstra ined Cladistic Camin -Sokal
1I110CS Unwclghted Unconstra ined Ordered Cam in-Sokal
lJlJQCS Unwcightcd Unconstra ined Qualitative Camin-Sokal
WII(:(:S Weighted Binary Cladistic Camin-Sokal
W BOCS Weighted Binary Ordered Camin-Sokal
WIlQCS Weighted Binary Qualitat ive Camin-Sokal
WlJCCS Weighted Unconstrained Cladistic eamin-Sokal
W1JOCS Weighted Unconstr ained Ordered Camin-Sokal
WtlQCS Weiglllc<1 Unconst rained Qualitati\·c Cam in-Sokal
11BC])u Unweighted Bina ry Cladis tic 00110
IIBQUn Unwcightcd Rinary Qualitativ e 00110
UBOf)o Uuwcighted Binary Ordered 00110
lJBQDo Unweightcd Bina ry Qua lita tive 00110
IIIlC])u UnwcightcdUnconstrained Cladistic 00110
1Il10Uo Unweighted Unconstrained Ordered 00110
II11QDo Unweightcd Unconstr ained Quali tative 0 0110
W BCl)u Weighted Binary Cladistic 0 0110
W BODu Weighted Binary Ordered 0 0110
W BQ])(J Weighted Binary Qualitat ive 0 0110
W lleDo Weighk'(l Unconst rained Cladist ic 00110
WI10J)o Weighted Unconstrained Order ed 0 0110
W UQl)u Wcighte<1 Unconstrained Qualita tive 00110
eel Cilldistic Chromosome Inversion
OC I Ordered Chromosom e Inversion
QC I Qualitat ive Chr omosome Inversion
IIBGI' Unwcightod Hinary Generalized
III1GI' Unwcighted Unconstra ined Generalized
WHGI' Weightl'tl Binary Generalized
WlIGt, Wt'ightt'd Unconstrained Generalized
'I'llhlt· i : Pllylugt'lll'tic par.'lill1()IJy decis ion problems [non-reticulate trees ) (cont'd
rru1l1 'llIMI'li).
SE LECT HV ORIDIZATlON UN IH:n X (SH X )
In stance: Same as for problem X, with 1\11 1llMitinmll pllr1I111I'lI'l' Ii . u Ai\'l'1I
polynomial-s ized (in t he para.md crs of X ] set of ;j.hYlll'n m 's.
Question: Sarno as for X, with t he addiLional ftlllllititl1\ that tilt' phyl"~" I1Y ";Hl
include any subset uf the ;I-hypt'rllrfs ill H,
k - H YIHUD lZATlON UNO t;R X (k-HX)
In stance : Samc as for prohlem X, I~X('C'pt tha tllw illlp tidL p;l'Ill ,h illl'tlrpurllll "~ a
fixed type of 3·hYllcrarc , ami thert' is an IlIMiliollal para llw1.I'r lc,a I'"sil.i\','
intege r.
Question: Same as for X, wit h the a.l(liti ona l t:tIlI.lit.iIJIItll<ll, ll ll' ph,...lup;t·ny r-nu
include $. k 3-hypcrarcs of Un' fixI'{l typ l"
SE LECT RECO M BINA T ION UN I>EII X (SRXl
In st ance: Same as for problem X, with an l~lltii tiol1al JllIrluHl'lt 'r U. u l!,iw ll
polynom ial-sized (ill t il<'parameters of X) sl'Lof 4·!lYI'I'flLn·s.
Questi nn : Same as for X, with the additil1mll Cllllcl it.iull I,hal ti lt' I'lrytup;I'lIy 1' ,11,
Include any sulJscl of the 'l-hypl'rar,s ill U.
k - RECO MBINATION UNl>E ll X (k-RXl
Instance: Same as for problem X, cxn'pt Lhat t ltt' illllllidL p;mptr iUl'or l'" ral,t'll H
fixed type of -t-hyperarc, and Ult'rc' is all allditiull"l patiUlll'll' r k, a pusitill i'
integ er.
Question: Same as for X, with t ill!additional r.oruJititllr lh at till' I'lrylup;I'UY{'au
include :::; k 4-hypcrar cs orthe Iixcrl type ,
Table 8: Phylogenetic parsimony drclsiou prtJhlt,111 sd rt!ll1a1.a (rdk illat t. l ...~ ·s ) ,
T hese schemata are eteted rela ti ve 10 " l1t>IL ·rl:l i ~l1 lilt,l ' phylllP;I'Ill'lk par simony
problem X.
l'l'rlai lll ul, lit ic/lIat restrir.tiolls , Lhc problema dcflued above can be shown to be in
NI'. CUll1i i,ll ~r 1I1l ~ reiat iollshilJ hetw eeu solu tion cost and size ,
Lemma 3 A Ilt1lylltmlial./iwr Ju",dr/r"U1 illi,dir compllln/ioll il<gtUll'Ulllced 10fllld
fill ,wfll/iml,~ }' to (Ill inslsunx:I o] (lit IWllleigh/ed (wcighted) IIf1I',~imo/lY problem
X ,~IJI 'h Ihnl !Ix(1') ::; 11(1/1) (!lx ( }' ) :5 IJ(1/ 11W",i,,(/ )) lor some ]lolY1lomial]l.
Proof: OlJsl'r VC' thnt thl ~ larw'sl solution of cost. f.: to an iustauce I unwclghtcd
parsituuny ptohll'lll is a trl'c Oll /.: + I vert ices, an d that ti le largest solutio n or
'"usl, j" t" an ill Sl'IIIl't' I or a wcighl,e{l lJilrsimo ny pr oblem is a t ree 011 k/ \'¥'"i ll(l)
wrl,i!'l's wit h l'flgl'!!or weight W",i,,{I ). where W"'in{l l (W",u {l )) is t he smallest
(Iilrg"s!.) r harlLr tl'r·t ransitioli weight in t he given instance . I
So]lIl.iOll,'C satisfying tllI'S(' Imlilltis {'xist for each non -reticulate phy logene tic par·
simony Ilroltlc'1l1 dl,rin,,,1 ahovc . Par Wagner Liuenr, Wagnc r General, Fitc h,
C'll llill·S"k. ,I, /111(1 GI'lwra lizl,d problems, this solution is a t ree rooted at the
i1 1l-an t'l'~trill vertex which IIIIS pa ths to each taxon that lise the app ropriate
fharm·LI'r· sl<ltl' transitions 10 glml'ratl' the states for tha t taxo n; t he solutio n for
till' nullo (Chmmt~Ulll l' luwr siou} problem is a tree rooted at the all-a ncestral
lilll.A} veru-x t l", l, has u path to ti ll' all-derived [all-H] vertex , which th en has
path s l.u l'ill'h tnxcu that IlSI~ tlu- appropria te "reversal" t ransi t ions to gene rate
tln- sl llll'S for th at tax on. Each of these so lutions is of size O(mdl(log Wnunll
mul !'Usl O(I/IIll(IrMlu ) ) . where 1 is t he length of the longest path between two
sl allos ill lilly t"!li1tat·,, ' r·slIll t' gra ph in ti lt' inst ance lind H/",u =1 if the probl em
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is unweight ed. As the C\l~ t or a solutio n it< proport.kmnlto ib t< iZt' in IIllWt'i,:;hh 'tl
pro ble ms , any soluti o ns (includ ing up tilll /l1 ~o l ll l, i llll~l Iwu, 'r t h;U! I,host' ,:;i\'t'll
above ha ve costs th at sa tis fy tlu- bnnml in Lonuna:1.
Corollary 4 A {JaIY llowial./ imr IIt1llflrlf l'l/Ii"i,~/i f' "olll/III/fll if!/! i.~ ,' / ' /III'I/U/ITd /"
find all oplimal ,~olrll ion s of ally jll ,~/'I/IN' of II Illl u./ Y'li l'lI l a/r 11II1r'1'i!/h/nl /,hl/ l.,!/I"
ludic parsi lllonY IJI'Oblr m,
This relationship dot'S not hul, l ror 1V,'ig ht (',1 prtJb ll 'l1r ~ : S()l lI 1iUlI~ or IUlVl'r l 'o.~ t
may exi st that a rc large r th an so lu tion s or higlu-rr-ust. II t1\ 'c'\'I'r, ir lilt' I'rublt-rn
is re st rict ed to tho se instances I such t hllt Wr""x(f ) < /,(l / llll'",j,,(/) (ur l<IJllIl'
pclyuomial p, a ny solut ion s [iur'ludiug o pt im al su )ut iulls) Iwl1.(' r Ihuu I,hust, ~ j \'l'll
ab ove must have cost v s O(7II,ILWIl 1u ) :5 ,/(!JI>W",••(f) :5 /I'( lfI) lV",j,,{1) rur
som e po ly nom ia ls 11,,1', an d thu s ImYI' ro sll< 1I1ll salisry 1.\11' hUlIIlt1 ill !"' III11Hl :1.
Corollary 5 A polYIlQ lIIio.l-lime nQ/u!clrrmj"ixlir I'f!ll lJlltf ll / imi i,~ !/ulJI',w l",-,1 IfI
fill d all opUMal ,~f)lulio /l s oj allY ill,~la" l'r 1 14II ,w/I ' l'rI ;f'fll/l /1' Il,,-if/ItI,,I I,I'f/I",'f l'-
netic pa r.~illlo 'IY problem such Ihal W",u ( /) :5 /,(] / I)W",j,,( I ) fm'Hom ,' /m/!lIIflllf i,,!
p.
Thus, all non-roticulato unwcightodalit! wdghlt ~r l I' hylll~"lll'tk " ars illllllly P,.ol. -
lcm s defined above who se weight s an: so rl'stridt~,1 a re ill NI', I\.~ so l1lt illlls t il
clad istic problems ar c also solutions til (Jrtlt~tI:d nnrl '11l1ltit,ali'll 'IJro\,rc 'lIls , IUIlI 'L~
each ret ic ulat e problem can ineor pc ra to it uumber of rd ic:u hLt.i" ns ILL lIIusl l'" JYIIU-
milll ill the I'llr iullct (!rlIuf ills non-ret iculate counterpart , all pa rsim ony prob lems
.Il'lill ,~1 al.uv<> MI' ill Nit.
Till' rc ~ l lld i (jll ~ ~iv('n ill (DJS8G. DS87)thAt establish the NP-hardncss of the
I " IU -rl'l inl l au~ 1l1lwl'i,;hlc'Cl hiuary CAlllin·Soka.I, 0 0110. and ChromosomeInversion
l,hyluj!;"lwtir I'lltliilllUIlYpruhk'1l1 l1 are given in Tables 9 a.nd 10, These reductions
US!, tllC'11il.'Ck i.I,'aof l\ llfl)' 11 rl'l:llIctioli from EXACT COVER10 ST EINER T REE
IN (; I(AI' IlS {hhr7i] - IlIltnf'ly, nxluce some problem involving ti le selection of a
11llllf'olll'd ioll uf IL eolh-ctlouof lllllJ:wh on a set of itt'lIlAonto i\ three-level t ree in
whlrh 1I11' 11'1LVI'!irurrl'!illllllil to the items, the root to the selected eubcollccuo»,
01 110 1 t ill' n'llIainil11tiUh'TlII\I vl'rtit'C':I to the subsets in this subcollection.2 In the
f1'1ll1d iUlIlfin Tahlo'lf!' and 10. the items arc the edges of G and the subsets in the
1'011I..-ti,," an ' thc' lII'lJiof c'Ilgl'lladjacent to each of the verticesin G, The trees that
an' suilltiulls ill rae!1of the reduce! instances contain subtrees that have three
IC'Vi,I!! (1IUStiG, 1..<;111111a I); [DS87. U:-T1l111a 2]), where the internal verticesselected
un tllC' :;t'('UIIII 11'\'1,1of (,itcht ree rcrrcspond to lAlisfying vertex covers for the
ur i,;i llill inlltlmCI'lf. IIIthl' ("/IlK." of thl' 00110 and Chromosollle Inversionproblems,
I'a,.h :;tlilltiull ITt'!' has a Mtai!" composed of the vertices in Y which ensures that
IIll' 1.1'1'1' ha:< it root that is ronslstcut with its problem's criterion, Moreover, one
rnn n lllstrnrt tn't ':< From :<atillf}'ing vertex covers that correspond to sat isfying
2'1'1... r...llIrlil' ll 1\11 giveu in [l\lIri 2) is Ililw{'d, iIlI the r~i1tlN ta ll v{'tify for itr llls T =
{" , b, t "f , t , / , gl lll,d roll,'('l ioll or~Uh"..tBs=U",6,r) ,{ c,d,t! ,{ t ,/,g)} : tht' cdg"" ofwcighl
tln ll..w n ....llltiontreec rl t'ngth3 10 the redueed inst llnrc, cVcllthougb thc orillilllllinstanubM
IlO"lIilrl ruw t . I\ rrllld lllt" lb ",l t hiBprohlt'lII b)" lI vllti" nl oll (h:Ilr72)l hat yields a TC'd uclion
rrul1lset (' (}\ ' l: H 10 ST EINER TR l:E IN G RAPIIS [GI\R92, Th roorcm 3.4)"
v a S: ~, {lBC eS / 1I8 QCS {DJSSfJ1
d : lVI,
where ear-hr1 l i~rJl.r lt' r rllrn~l'01u l~ [n a Imrl inlhtr vr-rtcx " E
V.
S : OUX ,
where 0 is th(' all-ancostrnl vert ex. ami X istil<'sC'!, IIf \"\'rtin 'N
corres ponding to the edgeNill 8 (for '"={II," } in 8 , l.Ill'f1'
arc I 's ill the charadl'rs rorf(~p [lI1 d i llP; Iu II lllnl II ltHc! lI's
elsewhere),
B :I{ + IEI
vc :5:;' lI BCIJo / UJJQDo (Il/lap/fd1m", {IJJSlUi1J
d= 3IVI,
where charact ers 2lVl+ I til Il mr rt's p uuol loll 11 11' vt' r l in '.~ ill
V.
S:OU XUY ,
wher e 0 is the all-aucestrnl ver tex, X is l h. ~ lwl uf v{'l" l.in~
corresponding to the edges ill 8 , aud }' is lItl ' Sl't urvl ~r t i n's
Y" I :5i:5 d, snrh that YiIlllS I's in r han ll'li 'l1I I til i aut]
D's elsewhere,
B: I{ +:lIVI+IEI
Table 9: Reductio ns for phy logenetic pars imony , 1 1~dsi lJ lI IJruhll'lIIs,
Note that t he reductions given for the Dollo aml ChrolllllSlJ tlWhtVI'rsi"lI WIlII I!' lI ls
differ from [DJS86, DS87] in that the d =aWl instead uf '/./\ +IVI. Till' IJfl>llfs
given in {DJS86, DS87] st ill work for thest~ 1ll(Jllifil'd f1'lhld il Jl)Sj mllH'IIV1'r , l lll'SI'
modifications simplify the l ransforlltatiullllr t lwsl ~ many-one n ,d lld ilms 1.111l11' tr il'
reduc tions in Section 1\,2.
VC'$:, ucct / flQCI (adaptedfrom. /DS87J)
,I= :11V 1,
wIU'Tl!rhll.rarwrs 2lVI+ J to ,J correspond to tile vertices in
V .
H= II U X UY ,
wlwrl' fI is the all-II vertex, X is the set of vert ices corre -
spmulillg to tho edges ill E (for c = {u,v } E E, there arc
D's ill t1lt~ cliarartcl'll corres ponding to Il and u and H'aelse-
wllf're), and Y is till!set of vertices ,lJi, I :5 i :5' d, such that
!Ii hilS A's ill rharilrt.ers I to j andH's elsuwhore.
'I'lLhle' lO: l!e!lllldioliS for phylogenetic parsimony decision problems [cont'd from
'Iillll" !I) ,
tTl'!'s fllr t Ill' r('duel'(1 insta nces ([D,IS86, Theo rems 2 am i 3]; (D587, Theorem
:lj), 'I' ll(' trees will Ilaw the t hree-level struct ure as long as t he all-ancest ra l
(ur 11,11-11) vI'rlt'x is included in S; hence, t hese reductions simultaneously show
tllat tln- t:hlliistir i\1l11qualitativ e versions of I'll.ch problem are NP-hnrd, For t he
sallll' T!'asoll, t ill' reduction for the Ca min-Sokal problem s also shows th at t he
ll ' ,w('i~hh'tl hinary Waguer problem is NP-hard [DJS86, p. 41],
'Ill!.' uUl!-rI,tir lllat(' binary unwcightod problems are restrictions of all other
1I11Il-r,'l ic'ulalt, and rvt icnlatc problema (set k = 0 (k-UX,k-RX) and R = 0
(SIIX,S HX)); thu«, all w agner, Filch, Camln-S okal, 00110, and Chromosome
luvcrsicn pruhl t'lIlSan' NP-hard, As any ordered problem can be solved by an
appropriately slrllr tun' tl insta nce of tho Ocuc ralized parsimony problem, a ll (l eu-
t'r"l iZt'd parsimony l' rohl"ll1s arc also Np. ha rd. Il enre, all phylogenet ic parsimony
problems considered abo ve art.' NP-cot11plclt,.
A proof that UBW anti UllIN art' NP-fOlIlplt'tI' was glvcn Ilft'\"iollS I,ll l liat
in {D,JS86] by Graham and Foulds [GFS2], usi np; a reduction rmlll xac, TIll'
elegant reduction from llUW to W!lOWI. gi\'l'll ill [U,lyS:I] t l()I'.~ Ilul work ns
slated t hen', because Day li St' S it version of llF i t.1la l illd ll.ll·s ti ll' illlpik it p;r;lpli
in tile instanc e aIHI lh is version h as not IU'I'II .~l wlV tI 11. 111' NI'-I'1l1l1 111"le (SI'I'
App endix 13) . However , with slight mutlilkat iolls, I,llis f<'fhlf"liun cl,ws wurk rur
UUWas defined above.
The phylogenetic parsimony prohlems tlcsnillt' t! IIhoVl'lin' rlllHl,ly rl,lalt'f ! to
the STEINER TREE INGRAPIIS(STGl al\tl lm(~ 'I' ILIN EA H S'I'E1NEII THEI':
(RST) pro blems [see Table I I). The plrylogcm-tioperslmouy prohlr-mslIn' lik"
STa in that t he solution is drawn From a graph, and li k( ~ liST ill Lhal l lib suill ti u ll
domain ls implicit The relationship is !Jot ('xa d ill d llwr l · il.~l · Ilt'ntu sl' nUlu' " r
the phylogenetic parsimony problems c!dim·d Il.bow iJlc!lld, ' the-ir illlpli"it ~ral.hs
in their instances (cf. Appendix B), a lld on ly 1I11' ~illl ]l l,·st. pllyloW' llt'li<' r lil r~ i .
mony p roblems ar e defined 011 r!·t!iIllPllsi(JlIa l rt'l: t ilil lt'a r S(I;t/'('S. ])' ~IIit. I · tlll'.~( '
differences, certa in of the STG and ItS'!' sflllllillll lUl,1appr<Jximntioll nl~"..iL l l1ll ~
[IlR9f, RicS:>, Sl1y92, Wi1l87j can bo modifiecl to solve rmrtkular I' hyltJll;t'lld ir'
parsimony problems; sec Section 5.1 awl AIJplml lix II,
sn
Sn;INEII T llt; ~; IN GRA I' IlS (STG) [ND l2]
Instance: Gmpll a =(V, E), subset S ~ V, positive integer /{ ::; IVI - I.
Quest,ion : Is t here a Steiner lree T for S in G wit h lengt h ::; K , tha t is, a
s ll lJlrl !(~ T of G' l liat include s an vertices in S and contains no mo rt: than /\
l ·d ~I 's 1
R~:C:TIf.I N .: "' ll Sn:IN t;lt TR~;E (RST) [ND1 3]
Instance : Sd I ' = {(XhV!l, ...,{.rn 'YIl)} of integer co-ordinates in the plane;
positive intl',!!;I' r 1.
Question : I .~ there Il. l'Cdillllear Steiner lree T with length :5 L, t hat is, a t ree
T r OlllllUsl,d of hurizonla l and vertical line segments linking t he points in
l sueh that the sum of thc lengt hs of all line segments in t hat tree is no
ruorr - Ulall I~ ?
Tallie' II : Stt'illcr Tree decision problems (taken from [GJ79]).
3.2.2 Charac t er Compatibi lity
gar h of lh l'Sc problems is given as inpu t a set of d characters defined on a set of
III ol,jl'r t s, nml seeks the largest pairwise compati ble subset of the given chwec-
tl'rs. '1'111' cliuJisti c / orde red I quali t ative and hinary I unconstrained chara cte r
rl'sl rkli olls macl,' ill the last section arc also appl icable to characte r compatibll-
it)' pruhl" l1ls. A collect ion of ordered (qualitat ive) cha racte rs is compa tible if it s
dlilrac'h 'r ·st<tl.t'~,' l s can lit· polar ized [ordered ami polarized) to make tile collec-
tion ., nlll1palihll' lid of clad istic characters [D586, p. 225J. The five charac te r
\'umpatihility prohll'lllSso dt'filll'll a rc given ill Tahles 12 and 13.
Em'h of II\('sl' cha racter compat ibility problems is obviously in NP, as solution
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B IN,\RY CL ADISTIC COMI'AT llIILlTY ( B C C)
Inst an ce: Set of 111 ob jec ts: ,1. rclk-e t lou C of d hillar y d;H l i.~l ii' dl ilrlll'!I'rs, ;IS
described by a d-by. fI/ cha rllct l'r· lly·ohjl'cl 1l11l I.rix X i Hlill a l'"s i1.in' illt"~l' r
8 $; d.
Question: DoC'S the coll ection or Charllctl'ts Chaw a. wmpil1.ih lt· l'u lll'clion ( " ~
CS llC!l lImtIC'I::: D'!
B INARY Q UAL ITAT IV E COM I'ATlllI U TY ( B Q C)
In s tance : Set of III objects: a collect ion C or d hlnary (!naliLnli\'I ' .'flarlu 'krs. I,s
described by a d.by.m cha ract c r-hy-obj r-ct matri x X i and a l'usi1.iw illl,I'W'f
B $. d.
Que st ion: Dol'S t he collection of chnr ucters C havl' ,~ pulllrixa l,ulI surh tha l
there is a ccrnpatlblc collection C' ~ C slIl'h I,llll!, 1(."1::: In
Table 12: C haract er compat ibility . ll'ri.~ioll prul,II'l11 s (,u la l,I.·,1 frll1t1 [1)SXli]).
sets of char act ers are anbse ts of the given set of dll lr"d, 'rH, T Ill' l'I'dlldiulis ~i,,('n
in [D880] which establish t ha t BCe alit! nQc are NI'·lmrtl a1'l~ ~i vl ~lI in 'luhh- 1,1.
The problema CLIQUE and BCe afl~ VN y similar: hut h pfllhll'l1Is art' 1'" Jkil1~
for the subset or largest size such Umt ,~ partir:ul,tr fI'latiun hulds hl'lw"l'1I .' VI'ry
pair or elements in t hat subset. Ld 1\' I )( ~ Lilt' dlilrad(~r· p;ttll'rn fur n pilrt i' ~ lI lilr
character , an d 1«x) be the chllmdl'r-slat. ~ ill 1\ ur taXuli .r.; fur t wu bluary
characters 1<; amI 1<; 011 1I,(' se t ur lltxa 8 , /\ ; allli Ii i afl' illt'u lIll'ilt il.l" if uml
onl y irall three of the c1cment s ( 1,0) , (0,1), aw l (I ,l) ilW ill (h'; X Il i ){S) [J';,JM7fi,
Theorem 2.:1]. By this resu lt, pairs or dlit rilcl,,'rs ill 1. 1 ((~ fC'dlln~1 illst;IIWI~ thut
co rr espond tv ve rtices no t joined hy an c~, lgc ! ill r: are i lJ c(J lI1 l'al il,I (~. 1I, ~IIt~" , «uy
I)N(~ ( lN S'I' Il A INW CtAll]STIC: C OMI'A'f I Il I I.rr V ( U C C )
J lI ~ t l\II CC : C" Il" l' t iuli ( .' of ,/ dlld ist ir characters defined 0 11 11 SI'l of III objects: It
p"sit iw ;1l 1., '~,'r II ::;; d.
Q ue sti on: DUl'S l lll' mlle'("li"n of rha rar-t e-rs (.' hxvr- a rnmpati ble collection C' £.
( .'sudl thut f(."l? In
I)Nt 'CI :"STHA IN ElJ OUllEn.;!) CO~I I'A'f I H I I, rry (UOC)
Inetaucc : ColI""tilln (.' "f,f un l,'rl "! r-harnr ters ,I"fillt'll Oil a sd of III ohjec ts ; a
pos i1i\'f' i n h'~!'r IJ ::;; n.
Q ucs t.ioll: ]JUI'S l.lll' "oll"" lion of rha rue ters (.' ha ve a pola riza tion such th at
t lll' f" is 11{""mll.t illip l'u lh'l.i01JC' ~ C such t hat IC'1 ~ IJ?
UNC'ClNSTIl ,\ IN lm Q tJAI.r r ,\TI VE Ccsnwrum.rrv ( U Q C )
Inst o nc e : ( 'ull,..-tion ( .' uf" q ll1llitalil 'I' c ha ract ers deflnod 011 a sot of 111 objects:
11 l'usilh",' illlPr;,'r IJ ::;; " ,
Quest. io n: l)lJ"S 1111'l'oll l'r1.illllof dl<lTart prs C have il pola riza tion and all o rder -
ill~ sud 1 tlml tll,'n' is II fUll1patihlt' eollec ti on C' £; C silch that. je'l;;:: B'!
Taltl,' 1:1: ('IH!f1 l1'1.I'1' "U111pal,ihilit)' {Il"' isioll probb-ms (rour'd from Table 12),
rLlQfII:: ~f.l nee {O,"'8/ij
"=IVI
III:;;;; :Jd(d-Ilj'!.
X =[,riJI, I s i s d, I s i s III
X bas n r-haracter-rolumu rUt t'lwh \'t' t tc'x ill [ ", 1111l1tltl 't,
t ax on-rows fer c'Uril llllu nl t'l't',1 Ilair uf \'c ' I,tin '~ ill [", Felr
('a l' lt t'(IIlP {II, !' } IllIl. ill H , sd ll ll' nl w·t'uldc 's in roluruu 1/
fot thaI, c't1IlP to 011. 1111< 1Ult' rl>w-,'nl.t it's ill <',,11I11Iu " h . 1111.
1\ 11 ol!lI'r l' lll.t jC'tl ill X IItc' II.
/l =.J
IJC( : :5f.,1J(Jf; {OSH(j
d' =d
1/1' = '!.",
when- tilt' t a Xi! t'ornosl'", ltlill ,l!; I... ruw~ (III + 1) $ i ::: " , '
I'xllihit tilt' 1I111" 'l'il r ill dla r;w ll' r· sll'1., ·_~ or 111l' dl1ltlldt 'r',~ ill
X.
11'= 1J
uoc :5f., ucc {OSX/i}
d' =//
1/1' =11 /
X'=I,r'iJI.l:5 ; :::;,f . 1 s i s.«
when-it rl.arar lf·r· s m ost fr('(llll'ull y ,wncrri rlJl;s 1.HI.,' 1" ....".l<'s
th"lrll"rill :ll'r 's II1Il'I 'sl.l'1t1 sl al.l·i ll X',
H' = IJ
Tabk- I-I: Hc·,lu r t iolis fo t dHtta.'1<'t "" lIlpati l,ilit.y ,1" I'b i.", pr"l ,h ,tl ls.
ill ( : t1lil.t Ionu II d illlll· !IJSXfj. !' " ' I>osit iun -IJ. rl ' lllfllMing t he I' roo f. TIJ(~ kt')"
I" 1I1f" rl .. lllr tiUIi Inun Bee III HQC is t ha l h illa r)' l[lllllila ti\' " cha racters h('IIIl\"('
lik,· I,ill a t)' rI;" listi r rllll t/lrtt ·no ill whir l! t ill' sla le' off ur rin g mus l rreq nl'lIt l)' h /l5
1....·11 S1·t I.. ;ul'"t"lolm l 1 ~ l r~l 7i . I""mllia 1lI111 Tl wur "ll! I]. T hill r-au I...• Ioreed h)'
" ,I,l ill)!, la Xl. IIJSXli. l ' rlllHlSil iu lt 1]. TIll' I"t" hlr ti llll rWIll n QC: lu BCC holds liy
sirtlill' f 1"t '<I "i" t1 i l l ~ [IISXfi. I' WIlflSili llu ~] . As il iUM )" r1,lltarte 'rs are- fl'!il rir l iu lis of
'1ll1"u!ls1. rai' Il',1d ,atm ''' '!"s, I'flIh l(' lIls liCe:. 1I0 C, lIll,t UQC iHl ' also NIl- w lll p!t' I,,·.
:1.2.3 Distanc e Mntrix Fitt ing
Sf'mi llll' l rk 1l1" "lIr, li n~ III Iha l 1,",I,I" lJ1's stat isl ir: Otllt'flI M'f;'k t he uhrallll'lr ir or
1l,1,liti\'" t tl'l ' IOfshuf l ' '!it 1"11",;1, t ha i is dllllliua llilo t his Sl'rninwlr il". T h(' d ista llCl.'
Inuu o-rtn in ur 11l1'if s llh l'wll ll' ll\.s Rin'lI ill Ta M,' iii .
As wit h 1111' 1' 1 ,)' llI~" l ll'lit' I' i. rsim ully " ro"' ,' lIIs. III(' di sta llfl' ma tr ix fill i ng
I'f"IoI" 11IS M" ill i\ 1' sllbj"I'1 III rt-rtuiu fl'!i1.rk t iulls 011illlita lin' weights . For /Ill ill '
Sl illl,",· f <l1 lll ilSSfll'i;\l, '<!suhll illll ' ", ll'l l l·,,,,,r ,li// ( f . IJI) is 1.ht· llIiIXillllllll d ilr(' rf'n("('
F ITTING U l' cO:" STIl,\]N Ell ~L\T lllt 'ES TO U I.TII,U U:TIlW Tnn:s \'1 ,\ S,\,Xl'Is ·
Tie X (FU UTIXII [.I' E IF,. I', ))
In st a nce : St'!, S (If 1/ lilx a; M'lllilllt'l rir /1 E ,11,,;ilIlll II l'o~il h'I ' i ll lq~l' l' U.
Qu estion: Dm-s lIlt'n' l'xI"! allll hril1llt'lri<' In't·(t E (I" "111'11 l lwl X ( O , Il'I, (I ' ) ) ::;
In
F ITTING UNCOSST Il,\lNEIl ~L\T llIC I':S To DmIlN ,\r.;T 1l 1 .TIl,\~1ET Il I( · Tl n:!';s
VIA STHISTIC X (FU U T{X,? )) [X E {VI. fl }l
Iu eta nce r S\·t ,'; uf II taxa; St'lllillWll'il' J} E '\/ ,,; mul a l'osili w iUll·).!;l'r [l ,
Q uest ion : ])or'Stlu-reexlsta u lIlt rallll'lr i,. l,r. 't·11 E / IN such I lw! X lf J. lfl, (I I ) ) ::,
IJa tulll' l'(f/ )) ;:::1n
FITT ING UNCONST llAINEll MAT II]( :~;S 'I'll D IS('II I-:'fI Z ~: 1l A I)IlITIV.: Tu n :s VI,\
STATISTII: X (F UDT[X] l IXE { f'·I .I·:I , " ' } ]
In stance : Sl't ,~' lIf" t1l X1I; s"m il1ldrk IJ E ill,,; "w i il I' lJ"i!,j\'l' illl,,·).!;..r [ t ,
Q uestion: DOl's 1I1l'r1' r-xist au a dflil ivt' trl't· 'I' E ,, ;~ Slld t 111'11. X (1J.If,d'J' ll ::
In
F ITTING UNCO NSTII,\I N.;\) MATll lc;.:s -ro G IIAI' II-D ,\SEI) DtlMINA NT All I}I-
-nv e T ltEES (F UGT I2:J)
I nst a nce: COl11 l'll'l\' p;ral'h (,' = (V, g j, 1,",'1="i sl·l11 illll'l.ril" /) E AI" r1ditwd uu
all pairs fir veo rtil"\"sin a."PI. (Jr tllXII ..... ';; V; '1lIr1 a I " J .~i ti v< · ill\,p).!;,·r U.
Qu esti on : ls thcrea sllhttf'l' 'I' "f (:1. lta1. illd wll's ..,·slId , lh 'l\.L l r . ~ l <: '" n(r,lI) :::
11a nd [JrA('J' ll....~ fN !
Table I.';: Dis\.alll'(' lIul.L rix fill iltp;ll,·,·isilJllI'rol.ll·lllS(.ulill,tl·,[ frum [llilyX:I, 1, ~lX lj,
D/ly87. Kri8H]).
!iIi
Le m m a 6 ,1 JNJ{yn",..ill l.U" ,. II IIlJ, '"",ill i.~Ur rtllllp ,, '"Ii(1Il illgR"ra ll /uJlo / i"d
1l1l1o"lllli",•.~ }' /0 '111 i" IoIII II" I o[ a ditr/"II ,., IIIulri" [iflillg pro bl,m X .~ .,.h 11"11
I"J?; W......oI,I / ( /. }' ) s 1~ I /IJ , [ IIr l","" poIY/lowi,J /,.
Proof: OI_ 'fVl'tll ,,1 all ..r lI".,;o"' prul,l l'lIls hil \"l' lIn l ut ions ill whirh t h(' lllilll h c-' r
" r .·II·I!II·lIlsi ll t llf' s..Iutinll is polyuurulal Iu t ill' silWo f thr- illsla llft·. i .c. ult j-a-
1I11 ·' ri..s ..f sizI· I....I' (FllIITl X]. Fll11T fX.;::)I. In 'l'll wit h <'ll I1lIlst 2ISI- 1 \'!'rt icl 'S
fFII IlTIXIJ. lr.'1'S with " l ll ,U,,1 V,'I \"f'rlil"f 'S (FUr:Tl;::]). To ecmpl..I<-· theprool,
" I,,,'rv-' 11,,,1. IIII' n ,sh of s(llu1inlls V t il i" s t.ltuf"I's I of ,list nllf l' mat r ix fllt ing
Corollary 7 ,1 1", lyu"/lIi nl -Ii,,,, " 'JllJ ff rrm i" iJJir rompR/ld ioll i1lgaa m ll/rr J ' 0
li /"I "II .~" /lI li,,",, ) · 111 1/1 ; /I.,lnll"· I o/n d;.«/III" Y mll i ri r filt ing pro6fcIIl X .«lIr f,
11"" b..d ) ') < ()( :.H"lI /Il). lm' "nm, IlOly""", in l " .
10"'11,,1i.•-. " llr;IlIll'l r;nt wil h nlf" li"p;tJlLal "ut fi('S:::: Dm... (f'lJUT[X). FU llTIX.~l ).
; ' 11)' I n .. ' l'un1;,ininp; .... sueh Ilutl t' \'(' f}' I'dg.· II"s \\'t' igltl Dm.. (Fl1DT( X]), any
\'i1lil l sullli inn 1n-e ( Fl lGT(~ I ) . As solutkm s izI- is proportional 10 solu t ion cost ,
all u" li llHI sIItuliulISsn t i ~ fy til\' IHlllllll in Co l'tlllary 7.
Corolla ry 8 ,-I IlIlfy/mll/i,d. li"' f lIo"dfhrm illi"/if ("olll pul ll / i o ll ill gll n rtw lffn 10
ji ", f "If " ll/ i",,, 1 ..lIlll/i", ,,; ,.1 nllJl ;II.~ / II " (""( "f II dill/IIliN mll l r ;r ji lting pl 'Oblcm.
F ITT ISG D IX",IIY ~1"'Tlllt' t:.'l ro U I,n ,ul t:TKW T lu:t:s or Hnou -r- 2 \ 'IA
ST ATISTIC X (FB UT2!X jl IXE {F,."}]
In stan ce: 5 ('1 S or " lax,, ; ""'mimi-Irk I ) E 11. : aml il IIt.. i l in' inh-,:,'r [ t ,
Ques tion: Don I lIl'n' t"xi:<1 au u hral1lt'l ril " 11\,· l! € 1'. ,1 ",,, ,,II Illa l
XfD, lfl ,(IT)) ::: H?
FI TIISG BISARY M ,\TllU ' t:.'i TO Dmll ~ Mn U I ,T ll .\) H :TIII" Tlln~'i IW
HEI GIIT 2 V IA STATIST IC X IF DUT2[X,2:H [X E {fI , I' ~J1
Insta nce: Sl 't S IJr" taXII: Sl.'miull'lric fJE IJ h : illul il IIt...iLin' ;tllo'.l:<,r t t,
Ques tion : nllt ~ t1ll'n' .'x ist 1111 IIlt r;III1l'l.r i,' (t", f l E fl . ,', SUt'l1 ll lat
X(D. 1t/f(lI )) $/J IIII,I 1t,,(II ) ;:: in
1',,111(' 16: Auxiliary d( 'd~iUlI Jlwhl"lIls fllr NI' - Imrolnl'lis IIl'<M,rS .. r , li~Lll n,'" uli1lr ix
flulug ,ll'f'is iull Iltnh l l '1I1~ ( a , l apt,~ 1 Irorn [I\MKH. lI il.Vl'\j . I\riXl'iI ).
111'11("(', .,11 di s tllun' m atri x fil.l illJ!: ]lruhl" lIlstl. 'li lu, l al ." w llr,' ill NI',
P rohlrm Fll I IT(I-~, 1 wllss l lUWllt u IlC'NI'-ll1Ir,1Viall n ..llIr l j"1I lrurll l: II II'I':!IJ-'l) .
n~U'rl(FI J gi\'('I 1ill (" ~l lSfiJ. Au insl a nC"t'lIf X:U: II"" " !'olduti'UI ir l lltl IlII ly irll .. •
[KM86, LcIlI IllA 61. I t rAil I,.. !lhll w lI t ll<l llll' Il llr ;LlIlI'l r io-" f u' :ll irn:11 "" !it f"r the '
«....IIIC('([ installl'l' or FIlI JT[F.l1will " lw<lyS I,a v,· ~Ild l .. I'arlit ,ioll if .111,[ " Illy il
the re is all exact WV('r lut l ill' lJriKina l instllllt·,· "rX:IC :; II IUr" lJ Vl'r , tIll' II w xilll l l ll '
nonover lapping (1101 lIl"I 'Ssilril y e'xa r q f uvt' r f" r lire' "rilli,,,, l insLilll"" "r X:I( :
ra n he ca.sily Ilt'ri\'('(1 from li tis 1Il ta ll 1l'l rir , All lIlltiu Ii.ll ,.....• f.. r lilly i ltsl,illin ' " r
FBl lT2!FI! will always lIaVl'"ff-lliap;oll al l'ntri rs E {J.2} [ K~HW. Lenuu aS]. Fo r
M idi ,II I u 1t ra llll't r i .~ t rl,· tJ = {f lh}" '" { ·~ lsd } . O } , { { II.. "" t.} ,] }, { {S),2}} ,
11'1.i; »:1/,,1;nlll i »= IHi,j} E I~ l (li.j = I l l, I :5(1:5 r, By [i\JvI86, Leunua ·1],
( Tl)
N" ,~ IlI J p a r l , i t i ' J1 1 ill t lll' SI'I'OII, l parLil,illll llf all nlt ramctrlc f f th at is tuinlm al uudcr
1\']li,.1I t lWl'l ' Vl'rti ... ,s a n' ~ttJ l l l ll'1 1 sl' pa r a Lr ly by slIlJgra ph would have lower cos t I,)"
1"' I" al iull ii al H/I"' , 11" IIf1" 1';H"1Isubpar-tltion ill lI lt' sec ondparfi tio n must h e base ll
I Jll \'l' rLir'I's frum tl\l' Slllll(' s llhgrllllll G" . Note that. F1(D,1I) is minim al when t lu-
Sllh l';uLit iu ns ill t ilt' s('("lIllIl pa rt it ion sl H,dfy a parl.ition of (,' (a nd thus individua l
( ,',,) into l.1w lmp;<,st. 1'1ls.~ ihl(· ..omplote-su hgr a p hs, TI lt' f('/lfl"r ra n verify t hlll t he
(6)
urt.ht'lh n·,'l riilll,!l;I I'S,
1.lJ" ,I,l . !I" .:I,1, Y" .3,3 ) , b":l~l . .IJ" ,3,I, Y".u) , {Y", I,l , .V" .I,3,Yn,l,l } (7)
!'i!1
plus stuglovr-ttj res ,1rH\\'1l Irour t ilt, set ( r " " " r " ,1, r " ;I}' ,1"I'.'l1,li lljl;UII whe-fln-r
tlu- single vert ices i ll th is I'd hllH'IIT 1,,1\"\' !lui lWl'll pa rliliu" l'd into l.',•. 1.t'1
these two sel l' or (;,. hi' d('11011,l! 11)' ( ;.H and ( ,',, : nult' 11lal !l.',ul +IUrd = If'l,
As single- vert ex F;n ,up illgs do not nfler-t 1111' l'os l uf,.. 1111,1,,1' 1"" 1111 ' ,'usl ur a
min imal Uh Tilllll' lr ir (T is
0 + 1{ (i,j} ! I!i.j= 1)1 - ,tli"
l"i - :1(·11" ,,1+:11"..11
1/;1 - :111" ..,1+ :11" 11
(S)
A subgraplr a,. is ])i1rl iliolll'tl into Ion r t.ri'1I1!!: 11 'l<Hami olily if til<'rurn'sl'" 'Ulill,l!,
a-sot is in lhl' 111.\xirualnIJlU!Vl'rlappi llg t-ovrr u r t.lu-" rig ill lli iust,,"n ' ,,( X:I( ~ ;'\"
instauec uf X:IG Ila.'tall l'xat' l r-o ver if utulonly if 1(,'~Jl = '/, l.r-. 1",fn , / /) = lJ~l -
:l(q +:JICI), complet ing tIl(' prool. As F BlIT2[Fd is n mll lllt lltiu w, lIy "ljllivill"l1l
to PBUT[F11. 1111'f o rn 's p01l1ling prnl,Il'1Il with no rt'Slri....iuns un ti ll' Ill' igil l. .,r 1.1" ,
ultramctric (I\ M86, [.1' lIlIl1a 2], anr] it.'t FBl IT[Jo'dis I I ,'. 'sl.ri,'lio ll urFIJUTfJ'i ],
th ..se problems lift ' a II'll NI'-hhr,l, /Lill i 1.IIIIs NI' · ,'ulllp!t't t' .
Problem FU IlT[J'~J f a ll lx- SI'OWlI N I' -,'ulll p ldt' ill i. silllihtr fHslli "lI, By il
variant of (l\ i\'ID6, Le lll ma :!], llw OIJl.irnal lr,'t's rurlilly i l lsl.alll'l ' "rFIIlJT2fJ'~I will
always havcoll-diagoual culr ies El l. 2}. As ld- TJl= Id - ,,(1w I1l'1I11,J! '= II ,:!},
FdD,lT u(U» = F2ID, J:IIUJ) for any lJ E /I" IUlllII E II..,~ , 'Fhus FBl lT 2[/'l ]
nu
Fij!;un'li: Sl.rudun' of sllhp;rill,h (,' n 1lS('11 ill reduction Irom X:JC to FRUT2[F.)
( Fi,l!;111"l ' ~ [rorn II,MHfi] ),
urr- Illso <,ullJplltal iulllllly ("l lIivaIt'lll by a var iant 011 [1\"-t86, Lemm a 2J. anti <IS
FIlIlT!"'.! ) is 11 rI' s lrid iuli u f FllUTf/'"iJ,tht'SC' problems <In' Nft-comple to <IS well.
Pruhh-tn Ft H 1T[Fl> ~ l was orip;il l<llly shown to be NP·hanl via a reduct ion
Irom ,ITl'Slrk l('d version of VEHTEX PARTI TI ON INTO TRIANGLES [1( riB8].
T Ill' NI'-hnrdl1l'Ss uf FHllT2[/"l'~J rnn 1I1so lw established hy a reduction from
X:W illlOllu/!;tlllS 111t ha i, giveunbu\"(' for FBtlT [Fd, whose proof is more intuit ive
],1't',lI lsl ' d tlltli lllllll' l' fu rn's IIII'part.itiou urindividua l ( ,'n lute complete subgraphs .
'1'111' l,ll1t'r Tt'tlllt'l,i"n will ht· usedill later s('ct iolls uf t his t hesis. As [I\M8G, Lcm-
m ,ls 2 and :1] 1"11 11Ilt' Illtltlilil·t1to work for tlu- corresponding dominant ultra nwtric
prohlc'111s. 111t' rt';ISUlIillr, ahovoby which FUUT[X], X E {F, . F2 } was shown NP-
(',nll p[ (' I I' Ills\! slul\I's thai Fll trTIX . ~ ], X E {F, . F~} . are NP-complete-.
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X:JG s:, PHlT7Wf i l (tldnp/rd[mm {h'''' ''''i)J
" == :I(q +:lIGn
.<= x u{"",,.•l n E {I.' . . . . •ICI} . " .,E { " ' . :l1I
D= ld;,1
where D i ~ Ild lll('(I I'1' lllti \'j' t ll ;\ grll ph ( ,' == (..... H) "\llll l'1I1w<1
of till' union of lll(' g rll Jlll ~ G" = ( \~" I';,, ). I S II :5 1('1 .
EAch fm hgrnph G" rort t'll]IIJ1l lls tu 11 1 1·1"1111'U1 ur r., C r ".
Col = {.r.. ... .r".1, 'rn..' }, .r" .{1.'I,:11 E X, lllltl lllls t.lLl'st rUl'l lltl·
shown in Figllrl' {i, Givl'n G. l[t'li lll' IJ li S
" ;,j =O ifi = j .
d;,j == I if {i.n l:: 1';,
d;J = 2 ol llt'rwist·.
B = jEI - 3(q + :IICIl
PBUT!!{ Xl :5:' FlJD11 Xj (X. E {fi ,I'~} J{lhl yli1j
II ' = n+""
where '" == ...1r1~ 011111 r = I.!iu - I.
S' ==S+y,, 1 S iS ",
D' = 1"',1= [ :,. n
where /II = (lIIiJ] .lIIiJ ="fllr IlII l S i S 1/ 0111,1 l Si S "' ,
AI' is th e t rllllSI)(lSt' uf AI, a llli 1 is It s' IIIIII1' unu rix wlth
zeros Oil, h ill olll.'llolf, tl ll~ main ,liotl;"tHtI.
Table 17: Reclur.lio lls ftl t ,Iislant"t' ltI at r i x ri l , till ~ ,1" d siIJJl I'rol. l"lIIs.
'nll' mi lldiull Ai vl~1l ill [DayR7)whichestablis he s lhat FUDT[Xj , X E {Fl, F1}
is NI'· harol is giVl,n ill Tallie 17. Day 1"{'(luirl'S th at lSI he an even inleger ;::4
ill his wr sillll u f FIIIlT2[XI, whk~l ean Ill' ensuredhy rcpllc atiug SOIlW Cj E C
ill 1.111 ' ~iVI '1I iu s t /Uln' o f X:IG. An optima l diserct.lzcd additive tree T for t he re-
,llIn '" iusl.aur-e - uf FIlI>T [XI rail ht· trnu sfonucd ill polynomial t ime into a tree
l'llllsi.stiI IAof two sllht n· I's. lUI ultm mdrir tnx- U of height '20 11 S' attached hy
i111 1·,Ip;I'"f It'np;l.h lUi to II sllhtl"{'f.' ruoted at vert c-x IIthat is attacherlto all ver-
Lin·.s ,IIi . I :::; i :5 'P!ly f'dg. 'Suf leng th 0.5, such t hat X(D, 1r(l(U)) = X{D, 1rA(T ))
jll'lyH7, I'rullusitioll :II; moreover , /UI opthnalul tramctric for the or iginal ins tance
uf FBlJ'I''2[XI ('il ll Ill' similarly transfor lll('(1into all optimal solu t ion for t he reo
,lu("I ,,1 iu.•taurc- of FlfIJT!XI [DayK7, Proposition .'il. lIence, FUDT[Xj is N?-
"lImpldl', mill by lin' at-ithmctb-equivak-noc of t he 1'1and F 5tlltistics, PUDT/FJ
is NI' -nHllr.I(·I,I· a.~ \\'1,11.
A n,.llIl't iulI whlrh I'slahlislll'Sthat FUGTI';::] is NP-complete is given ill Tallie
IS. Th is ff'f. hwtioll is h'l sl'll nn tho reduction from VERTEX GOVER to UBQCS
Mill tll WCS ~i\'l'1I ill Section :J.'2.1. Fo r graph (; ill an instance of FUGT[;::]
rn 'a ll·tllly this reduction, defineII rI1 11011 ;('(ll lru a s a subtree T of G lhat contains
Lemma 9 I:',' ,·,·y inetcncc of ru crtzt ('rcalrd by thc l'Cdrlcliol1 ill TaMe / 8 hall
II miui/ll fl /·[l'I!fl t/; tr'f"f thai i.• ('(lIlfIlril'af,
Pr oof: Lt'I Ti ll' 11 m illinHlI· lellgth lrw of leng th lJ for a reduced instance I of
vc ~~ FlIG1P-J
\ ' = { .} U { "d 1$; s: lli"(·1} U{rj I I $j S: IJ-:n ·n
0= Id" I.
d(- ,.' i) = I
rI( • • t j l = 2
where ~~ :::: ;; : : .: if r , > {I'i •.r} E f.'n ",
.1( lIj" i ) =:Jol)wrwj",·
,l( r i , c,) - 'I
s={.}U{ Cj Ii s ) S:lf\'(·n
8 = " . +IE\ 'c l
Tab le 18: Rcd u ct ioliMfor IliMtatirp matrix ritt ing <I'-I'lsi,," pru l,tl 'lII!i (m ll!.',1 rl'U lIl
Tahle 17).
F UGT(~I. If T is not a. (,lUlonk ...! 1" '(', it n ml'lill!'! lillI' lit 111un-c'II,;' '!!IIrt i ll' tYI" '"
T' from T hy re placing each 1I0 lJ-r all ull iral 111y · X 1\.'1 r"lIuw!I:
I . X = {. , c;}: Ulhl'rci~ay,'r l{,x llj E 'J'!Iurh thatr; = {"j.z l E gVt~. " "1'1"\"1'
t hat e; = {VIIZ} E Eve. Till ' fOfll ll'f C"lI.<;f~ .. a ' lIlIlI. I WI~ ll r I....·a ll~ · it wUllM
crea te a t ree with A length If < IJ; L111'lalll' r 1·l\.~I· I'tuolll rl '!i a h, ,,, 'l" "r
.Cflual lcllg t h.
2. X ={Vi, I'i} : A!I!lll1lW willmlll lusMIJfgl'II l'tll l i ly lIHLt 1.1wrl· j .. illwiIlJy lilt
not in T. This rn nuot Uf:f:lIr IwrallsP it wellll.l fWlll. ! Il l r,~' with a 1'-11#1,
tr« IJ,
:I. X = {"i, ti }: AsSltlllCwilllolltl os~ (J r gcm-rality t hat there isan edg e {V);, e.]
ill T , lf thc rc is 1L ve rtex VI E 7' sllch tha~ ei = {1I1, Z} E Eve, replace X
hy ti ll' I·rlge {11/,ci }; else, replace X by the edges {-"', tid and {VI, t j} such
that (:i = {III, z} E Eve . The former case ca n not occu r because it would
rtl'l~1. p a tn O(' with II length I)' < B; the lat ter case p roduces a tree T' or
1. X = {l!; ,rj } .'Illc lJ IImlll; i,~ 1/01 a »cr t.cz u!ci : ll thore exists a vertex V);
rl'plac'l' X by t he pair of edges { . , II);} a ntl\v.\:,cit, Neit her CMe can occ ur
1}('l';u ISf1 c'nch would c reate a t ree with length B' < B.
The n l'al('d t rrr-7" 1J a.~ the same lengt h a.~ T and st ill connects 1111 ver t ices in S;
1110rl'lIl'I'r, as '1" ro utalns no non-canonical edges, it is a canon ical tree . I
( :nlumil'a l l r('1's ha ve several usefu l proper ties. Th e path leng ths or a canonic al
t n'c' 't IIrl' I' ll I'll that [R',\( 7')]s :? Ds. Moreover, the ver tices in t he second level or
1Ll'i\llullind t rco 7' cor n-spo ilt! to a sat isfying vertex co ver Ior t he origina l insta nce ,
T h e ore m 10 PUC,"J'!?} i.~ NP-complete,
P r o of: By Coro llar}' 8, FUGT[2:: j is ill NP. Consider the re d uction from VER-
T EX ( ~OVEH ttl Fll(':T [~ ] given ill Table 18. This reduction is polyno mial time.
MUn'lll'l'r , opt imal solatl ous for an original instance of VERTEXCOVER an d
its reduced insta nce or FUGTI~) call Ill' created From l'llC!l otlu-r. Ir1.l11' llT ;~ illlll
instance or VERTEX COVF.H has n sHlis r.r ; II~ ver tex rover I' " ~ Ih· "r 1<i1.I '
le :s 1\', construct the canonical tm' linking t lu- \'I'r lin 's or I " ~ with U", \Wl,in's
{Cj } and ' i th is tr ee ha..'> 1,'ngLh 1\"+ 1 /~\'(d :S II, lllll! is t.husa sulll1.iunl u tl u'
reduced insLall("c. If tho reduced instnnrr- or Fll<: TI~] hal' II sulliliull l.n,' 'I' <lr
length B :S f{ + IEv(:l. constr uct tilr- I'annll i l'al h 'I""}" "urtt 'sl" llltliup; ln '/'"r
length B' :SB. T he ver tex rover V· tld l llt'li by 1.11/' v"r li,'t'l' ill tln- ,~I'n Jl)(ll"I·, ' l lJ r
T' has size\V-1= (J'- IEvcl :5 13 -IBI'L'1 = f\ ,; l hus, \' - is a silli.4yi n,c: vr-ru-x
cover for theorig inal instance. I
A Turing reduction from SOI.-MIN-FIlU'I'Wd to S() L- M I N . F 1I 1J'I'*'~J is
given ill [Kri86 , Theorem 'I]; however, llnlik,' l he n-d: ~ ; () II Inuu X;JC til SOL·
MIN-FBUT2{F1) given ill [l<M86), it ;1'not ohvilll1i'\ how to fUIlVl 'rt, 111;1''I'llr ;lIp;
reduction into a m any-one reductlou. S('V<' ra! I'whlt'llIS ll1;\1 inv"lVl'[it ti llp;sPllIi·
metrlcs to domi n an t and ~lJhdu ll1i lla nl ult ramd rks using s ln tisli rs 1' 1' 1"1, und
Looare s hown to he solvable ill polynomial t iml' ill II\ riHli , l\ riH.'I]i fl'llIll'.l lJrult-
leme involving ot her slatistics a re cX ;lI l1 i 11l~1 ill [Day!':,:!]' TIll' rt" ludiuli rrtl lil
UUW to FUGT[:::) given ill [DayS:J! docs lIot work for tl ll~ l' a rrll ~ rI'llSUIIH;iJlUily'H
reduct ion from U UW to W UOWf.,(S('(~ Scdioll :Cl. I ) ; how(·vl·r. t.1ll' rOrllll'r fl',Illl'-
t .ion can not he fixe d by using t he implicit -g raph versiull l,r II IlW .Id irll'll ;~htl v,'
because t ile reduction uses an int cnnediatc prchhnu (CONSENSUS I' IfOHl.EM
IN CLASS[ FICAT ION ~ which requires t hat the i m p li dl~rap lJ IwilldJll[.·'! in t Ill'
fi6
I'r.. I.I"1I1 i!l'.llfll'·" .
3 .2 .1 SUll lluar y
Fill,IIWS 7 .. Ill! x !ih..w II" , \'arjulI~ rl..lllrt ifllll<.I,yrih,'d ii , l ilis see-Lien, aud Tah lf'
I!I ,l!,i\,,"S III" ".,rr, ,.,p,, uol,',w, ' 111"1\\" " '11 l ,wll l "IIl.~ ill l hl'!il' li,ll; lJn'l< IIIl1I I'rolJl' '1ns
" '''' ' ·Ii,", ..1 ill ti ll' lito·rllt llJ1". X" II' l l lOlllf ll l0111 Ic'n uf Ih,"!'!' re..In.-t iuns at t, , ·il lwr
1,.\' n.,,1rid i,," ur I,.\, IIritl lllw !i ,· . ..11Ii\"ill,·II,·... All llf t Il' ''!'!' Ilrnhl " lIIli a rt' illIN -
r.. . ltwil.l,· It)' vlrtm- tlr1"'illl!;NI"l"u1I1 pl"t,,; however , 1,1... pauem o f rt'flll.-tiul1li ill
tI , ili , l i H~n' lI l will I", l'i,l!, lIil i"l lllt in Iatvr lil'f'liollli uf th is t .lu'sis. NIII,' I,h,' l "lwh of
111'''''' r,..llll'l illll .~ n"l llin ·ulll,\·t ll,.11I Stlll1l jull ,' xisl t hat lI"s a give-nn ISI. 11111 t ha t
I. ,';o,lllI i" ll 1011" " 11 , ',r.;1 ah" n' o r ""I"w11 p,h 't' l! limil : llltlTl,," "r, II ... p runf s IIr .'1.1'11
n f I h, 'liI' n ..ln,·t j" lIl' II :s;c, II ' ,ll;i, '" a lp;u ril hlllli fu r ruu\ 't' rl iIlAsu lu l illu!I uf '-,1ll1 r III
i .."I;II1I"1'S tlf II illlu "".h llj u!ls tlf n ISIr fur " .. \lIn ..1ill s l ll lln~ uf II ' <lId \' in ' versa ,
SlId l 11i"1 tI"....'.' 11 11 01 ,J <In' n'llI h-cl ll ri tl lll ll't i"'t ll ~·. The- fnrn wr prul,,' rly , aJ.tllig
with tI ... r' -cilld iull'<fur ( ' LIQ II ..: a mi VEUTEX ('OVE U Ai''1'11 ill [G.l79, s.. t lou
;l. l l. t"Sl" ltlis lll'S lh al '11l,·urr ''l<IIIII1.lillj1!; ,l!;iw lI·r usl l'hyIIlAI·llt'tir illft'"'Ill"I" ,I, i"iu lI
TI ll' oI,'''; "io li Ilrult l,·tIl!!gh"'l1 in t his S''i't illlL,tunot answer (llll'Stiolls typ icall y
l ilt' NI',\'ullll'l ,·!t,I1t'ss res ult s fur ,lIt"'(' problem s ,10sugg losl t hat fas t i.c. polync-
minl tinlt' al~<lr;lhmll ,10 not exist for thes e problems, 111111 t hat efforts should be
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Figure 7: Reduc tions among pllylo ,ll;(!Ildir iufr-reu«- ,h'dsioll IHohll·llIs. IINIIII".
ticna n Sfn n ' are dl'lIotffl l by arrows From II I,ll 11 ' . Arruws IlI Mk.·d loy fl MI'] ,.
correspond to reduc tions by arithll1di.-. ' ~'1lli vaJelll:l ~ alld r"lih idioll , TI'lip,·d iw ly.
fiH
Il 't t
I'r"l'[('l11III II'S IS .1"T11I1rt'
]' IIVI' /I!." lI!'l ;, ' 111l{c'Q I(' s {(', Q lcS Ill .JSS"J
1'<I;'sillHlIlY I1B{C,QI Du {C,QI IJO Ill .ISS"J
I1B{C,Q}C1 {C,Q}CI Ill .JS""J
IIBW SPQ [GF8:!. DayS:!]
uuw I'WP rGF!'!:!, D1ly8:11
WI/OWL WTI' [DayS:I]
( 'h"f'll"I."1 11 1'1·<'1(' Il{Q,C)" IllS8" 1
( ''' Il I I,atil,iJily II{Q.C jC lI{Q,C)C Ill S8, i
ll isl,mll"" M,.h ix FB11TW.1 'II let 1' >l86J
l'i lli lll!. FIJIIT:!!I-'.] ~" lC:l f [1\M86J. .u.H{I\ri,s(j).
FIIT[l I IIJ. y87)
FIJ l l T:! f /'~J .:lH [1{riS(i). FIITI:!] [DayS7}
Flll l'1'[1"ll Al l [1\ ri86}. II /Ct [Kl\. limj
Fl ll lTI/'l ! .1.2 f [l\ ri8Gj
Fl rI ITI /·', , ;?] P·I [1{riBS]
III1DTloJ, n E IF"F1} FAT loJ, 0 E {1, 2) ID. y87)
FII<:TI2J I\E T [DayS:i}
'Iubh- I !l: CUrTl'spUlltl"IWI'""1.\\'('('11 phylogeuel.iciufr-rcuce problem s in this thesis
lIn,1 pl"Clhl"Hlsill lilt' liu-nuuro. All solut.icu probl"lllll ;I fl' marked with dagge rs
( f ): <1 11utlll'l' prul)l t'l1l~ art' ,It'(';s;on proble ms.
fi9
~\:: : :~: ~ :: : :: ::l'lICX 11lT('X WI'Q XlI BQX 1 11 ~()X
~ 11l 1QX
F'igllrt· 8: Ul'strir liun n'dll(· t i ull ~ 1l111011,r; phy lll l!,l' lIl'1 ir- p;,rsi11l lllly ,I""isi" n pt" I,
k-ms. Tllt'sl' plUhll' l11 .~ 111'(' «tau-d ft-I.-th',· ttl u 1 1 1i ,\'I ,,~t 'l ll' li l' pM sill llJll.\' nllpri,,"
X . Notl' 111<1 t !'itch pmbl"lll " lou\',- ls 111 NlJlillk",l loy rl' si rid iu ll n~ h lt' li" tl s l.u ,,;.,.11
o f it s four curtl 's ptllliling tel in lla h ' p rul. l" lHs (sp!>'Jid ,ll' Sl.
al so 1)(' used to determine t ill' f"olll pu ta licmill h..lt.l lIt'S.~ uf Illltt.. n ' lIIp l,·x prul,I" IIIS
[Sec tion ,I) " lid to 11]llfl· lim iL.. 011t lw ki lllis of IlulYlItllTl ial-till lC' " Pl' t llx illlilli " IIS
JII
4 The Com p utationa l Complexity of Phyloge-
netic Infer ence Functions
III t l... I.."t ,...·diull.I·t>rlilill ,1''' ' isiIHI I'tul.r' ·ll1Silssurillo(''I1with varjous I'hylogl'lII,tir
illf"n'lln' '"rilt ·ria WI'''' ' show u It, Ill' XP-CII1JJJI],·tl '. Ii )' a {ulkluw result in 1111'0-
r"' ,j".. l n'lll llllh' r "d " III"" , '·ad. uf I Iu- " urr''S]lOIl , li ll ~ sul 11tillll p ruhl"IllS is lKJh1't:1
I,y 11 flll wtjull i ll F / ,,\'I ' !CiJ ;! J. ( 'ha pl l'r .'i). lIu \\'I ' \'(' r . ll iis says littl,· ..llOl1t t ilt'
ll"rr lru'>'s o f unm- n'llllll,·x " rohll'1I11i h,uwd 011tl ll'!;!- r rit.t·rin. In this s('('l ion . I will
d"rh"1' \ 'HrillllS hO li ll ol" 011 lilt' romph-xitb-.•of tIll' ('vlIlllalioll . solution. s pa nning,
" lllllIlNil t i"l l , i11 1l1 tl1 l l , llJm·~I' l1 l'r...li ull rl11 l rtinl1 .~ assudll l('(l with tIll' opt im al- cost ,
~j\"f' lI -l"<Isl . •1,"1~i \'t' II - l il11 il ve-rsions of the ph)'!ogc'llt't ir inference problems.
'1'1... rt,,,,I. 'r lIhUlIll1 tt'II1('mIM'T that rt'Su!l!l giwlI hd ow for phylcgcnctie parai-
m Ull)' 1II,,1 ,Iillllm...• matrix fiLtill":..:ivl'n-cml and giVt"Il-limit problems appl y only
t u ll'(I!\(' pru h1c'!lls ill whirh till' rost-IJaramelcr k 5atisril!ll t he restrictions given
i lll.A'lllma:lall,ICun,lIar)'7 ,
It will" h''! l In' "Oll\'('lliC'!lt belo w 1.0 haw a slngle hillary ell('O(IOO rcprcecn tn-
liu n (rmul/I;rnf fr /ll'n'rnlll l;o ll) of each solution to 1\ problem, so that individua l
I"ull1l,iulls 11ft' nut out put more than OIl C(", Such representations exist for all prob -
1" llIs ('xlImim'tl in t his tlwsis;
• ( 'I/Ilntda Ct'''' lml jbi/il y: Represent charar 1l'rs by cha ract e r-sla te adjacency
llHllril'l'" wllll!<l'chanl ctl'r-sla h'S a re in installcr inpu t o rd e r, and rep resent
71
~lnh' instaurvonk-r.
• Dil'/ IIIII'f ,\/l lf l' ir F i llill,f/: Ik pr,'s" lIt Ilh r,1111'lri ,'s loy t lu-ir ....rn ·sp" n, lin/l; 11 1,
t rauu-t rir- Illat rio",'" \\" 11""" \"' rl in'siI!'I' in inpu t iuslil lll'l' unh 'r . 1l"I,ro-s" I,l
addl ti ve Irt'I's hy tlu-lrinllr,ll't t r il\"l'rsn l st"llU 'lI" 'OSIStilT:-iU, :-;,'<"I, i" l1:11,wlu-n-
tIll' t r..'~ is nmtl'd ilL t ill' I,'as!. vertex in illput i ll ~t u l l<"" lln l" r 1l11< 111w 1,.[1.
right ordering of subtr r...·s is /'I'plill·,'d l.y i111Ol"l l " f i ll~ " II tlll' !."S;Sof t ill' [t-uxl.
vert ex iu n s llh l rN'.
TI ll'S/' rn llun irlll n 'pr('s,'nt<l tiolls "/111 Ill' , 'n"IUI, 'd all ,1 ,1,'<"u,[(·,1ill PuIYlIl>lldal l,illl "
using slightly ruodif ....1standard algorith ms [SIIlTXU , S(·,·l iu ll al. All 'I'M s"lv i ll ~
]J ro lJ l (' tJl ~ examined i ll this st'rl ioll will hI' assunu-d 1.0 1I)l,' ra1." 011 all rl lo WIll' "l
canonical rep resentations.
4 ,1 Fanction Complexity C las s es
Th is sectio n willgive a brief overview of S' ll l1 t~ fll ll d iull dll.ss,~s tll1l1.will 1mlIs,...1
below. Th ese classes fa ll mainly hltll two fj ~~ilJll s . within !,' !, NI' ILlld with ill
shown ill F i~lI fO '~ !J aur] 10.
4.1.1 Classes Wi thi n 1"1,,\'1'
-I TIL<' 0lf1.l' lfllI )] I.il'I"<lrrl ly, \\'llI'fO- I is smuolh Ml<1 I E 0 ('1<){,I/) [GKR92,
l\ t<'Xiol ]: Fur pulyullmia l-nnw NT M IV E FN (~q . let 01t1N{.r ) he' t ile' op t]-
tuul vHllI<- (liirj!;l's1.for" 111l1ximiza ti<1Ilprohk-in, smnlk-s t for II minitulaation
pl'"hl"III ) nlllll'U1o'oI h)' N for input ;/'.
Defin ition 11 (ada pte d from [Kre BS], p. 493) Ii 1,lIIrlioll I : ~. -+
Z i.~ ill 0, ,11' (n/lli mi:;al ioll l/ilfYl/olllinll imr ) il "'rl'(' i." a IloIY/lomiaf- l imr
N'I'M N E FN P, S tlf' f! l!Jnlf(.r) = ofltN ( J~) lor all r E ~". We say fhal I
ix ill O,lll'f :;(u)] il IE Gplfl alld l1Ie ICII,qlh oll{;t) ill billnry is boulldcd
1111 :;(I;/'l) / m' Il{{.r E ~',
Tlrt;ll~h all Opl!'l!(11 11 functionsarc contained in FpNf'/.'/nlJ, each function
i ll FI,NI'IfI"IJ nwtricall,l' t('!IUC<'!ito some OptPI!(II)J function [KreSS, The-
Un'Il1 ;J.2(il]. TIIII,~, all OptP l!(II))-romplete functions are also FpNP[J(lll !.
nmlph'l.'.
7:1
Opt P{f(IIlj i" AIM} f'UII1 IIII'!l' rur ()l' t l ' l/( tl" l li lI lt:I \ U!t.!. 1'. il. II i.. 11It", 1
Opt P jO(lu,r;lu,l!; fill bl lIIlJll ' l' tu lwrl)' welnen i\" Ol'l l'ld"l!I"~ ,, -1- Oll l\.
T ill ' rol1uwiug rlass rl '!lIli ll ll " lit.' known:
• Fur every "muuth fll l ll' tinll I ,
- For fill ) ~ ~ I(I~ II , /"I ,NI'(j(HI- 11C FI,·\'I '[/( ,,))1II111'S" I' = NI' [1\rd \S,
Tl ll>tIrl·Ill ·I.2j.
- Fur nil) $ (I - r) lup;II, ( E (11, 1), ",,"" /1/(Hl-l ]C "'J,N/ 111"lI u lI l l 'S ,",
P ::0 1\: 1' (Ii,'iMM, TIlt"lJn'1Il1I j.
- For 1(1l) E O( ltJ,r;tll, PJ~,\' I 1JI..I-ll c ,." ,N' 1/1"'1 1111 1,...... ~~ = II ~
'AHG9I, TIIl'un 'lII ·12J,
• F p N I1°11ofl ..J1 C ,.. p NI' 1I11e'li." ,. = NJ' lKtl'KX, Tl ll'lI t" II, ·1.1 1.
• FpN l 1ollofl..nC f'/if
"
1111]= .. H = NI' 1!'iI·W I, T III''' n'l1I I:.!J and ':pwl' = I '
{Scl9], Corultll.ty<l (i»),
Ot her separa tions hold unelermore exotic asstlll1l,ti""", 11I1 ~i HH, HI'i!IIJ. Hl'lll'"rd,
to date has Iecused on a ll dil.';.'iCS below J,"p N/1f1(.. ... Hll ,," ,1 L llI ~ d ass 1"J'NI'.
Tlioll,l!;h III11l1y rl'sults IlaVC' Iwell itnportnd directly from lang uage-b ased to functi on-
('llllivalc'IIl'(' of FI'I~ / ' ilw l FpN" [O ( I"~ ") 1 11.1111 ti ll' s('l'arlltioll of FpNr'[O ( I,,~ ,, )j ,
FI'I~I', lUld I·' I ,NI',
1\.1f'l ril· f('lilld ililil,y sllfrin 'S tu shuw ha rducs s for most single- valued Iunc t lon
dass,'s, Fllul"l,iutls IU' (' shown F I'I~· I '- I I1.n l via thl' property of IJIlddllbilily [e T!:! I,
C:OI sSIi], Ilc'l'all l ilill all pru lJll' llls an' lIase'cl Oil rd ali olls R : I x ,so on instances
I mill soillt iu lls ...... I..(·t SOI.-II{;/')Ill' trw sot of so lut ions for 1111 instnnce of of a
prul,I" 1Il II .
Defin it ion 12 ([CT91). Definition 4 ,2) tl 1II '(ib/em 11 ;J< Illlddabl.· if Ihel'( ill
11'11..,"('!I. E ,Wn -Il(.t;) f OI' l S ; S III,
l' illlclllllil il,y WitS 11.'firwd iutpllcitly in [(; a.~86J, Gnsarch realized that if ins tan ces
of II pllcldithl(' problem II (',111 (' lI('od l~ an X-h ard problem then n is FPlf · hard,
If X = NP. paddsbh- prohl" llls an' FpN/10(1o~"lLllard {Gas86, Theorem 8] (the
cossI 'l1t illl itlt'll is that 11 hinary O(log ll)-deplll NP query t ree contains at lTIMla
l'ulYlwm i;\l l1l1 llLha (If NP qUI'r ies), Cl11'1laud TUlia defined and na med pad da bil-
it,\" illcll'Il" lIIlt'l1l, of ( Iasnrch's work, and stated t he ir res ults in te rms of FPlrp-
hardues s.
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Th eorem 13 «CT91]' Lem ma 4.1) I.rl It br a IlfulJabfr ,m.bfrlll 11'1",.•r 1/.' '''''
r ill/ r tf decision probfr m LII ;,. "" '·fllmf . "/111'11 11/ i. FI 'li' ·/' ·I" mf,
\ L,,(.rd\L..(.r2) •• . \ LII{r.. l. will-n' "' I • .1'2' " •• .r ,~ an' ill"t a lln 'll tlf Lu- ,\" 1.11 i,.
NP-hard. a ll)' Inuetlou ill "' I 'liv i' ra il Ill' .....h ·c,l lI"i ll,r;a ,.illp;lc·1,u111" Qll: l1"wo·\·•'r,
ll~ n is Jladclahl l·. all)' in"tall...• of Cln r a il I... "..1\1,1 lI,.ill,r; 1\ ,.in,!!."· n.1I1.. ;111"
~C1I 11 l ioll Iunr-t.ion for II. I
T heir iutcrp rct etlou is l h.· mor t- powerfu l ill lip;1lt uf S,·hIHUl·" rl'l'1I1l,. "IIl,wlnp;thut
"' PI~/' is intcnm-liatc iu hard III'S.• 1",1\1"" 11F I 'N/1°t~.." )J11I1l1/ ,I,N/' [ss-e- ;11",\,,'1.
The following variallt of f1addalJilil)' wilt 1M' u....·fuI I,,"".w:
Defi n iti on 14 A problrlll II i.• llitoltla hl l' wil lI fI'l'I" ,,"l til a. prulolt'lII II' if 1111 "
ill II pIlir Of "o IYllomilll.limr flllldi ol/l< h, : '1." -+ I alll{ h1 : :!I' x .... - . 'I:~
IIIU:1I11111 fOl'II11 Jitli lc ,.I'lll {r' I,; ,.'·,. , .. •.r ' ,,,} E 21' and flll l<i //!/I, . mll iud I l/ lIdi"" 1<
f thai 1'loloc II . if z = 1.1(z'••r '2•. . . •""...)) lIu'/I h1f(r' .. r'1•.. . •r' ...»n-»::
(y" . y'2•. .. 'y'''') • ."herr:,'; E SOL-II'er ' ; } for I ::: i:::: fU .
T heorem 15 If problrm II i1l JHI.lrIt1b1r llIilh ".~IH rl l" (HI NI'-Itanl pm""'" II '
then nJ itsFPI~" ,"ard.
Pr oo f: TI le proofll hy which 1I1c Illla log ullli rc'litd l luJldli fur l';lf l ,l il hll~ p rul. ll·lllll
((Gu86, T heorem 8J; T heorem 1:1a,1.It"IVI:) " ' lilirl' euly lha,l GilIII' 1 '~1I111 1 lin :0;1 ' 1111'
ro:P·hard probl em, whieb ue... 1 1101 Iw '''11 .
7.
T heorem 16 If /Jf1JMn ll II 1I/,1I";rlllly ndllc cJ; to pw b1c/II fI' Ilfld 'I/vb/rm n i.~
/ml/r/rlb/,· lIIi/1t 11:'~Tild 10 II /Jmbfr m II", 111 01 pmbfclIl Il' is fJllddC""'r willi rrsprct
111 11 ".
Pro of : By dl' linit ifJlI, then- l'x is!. polynomial-time func tions hi and 112 such
that. f" r.r = {.('I, . . . ,.r, ,,} E ~I , II = { III, " " Y"' } E ~s , lind any single-va lue d
fUIWtiuli f 1.11111 solws 1/, (y) = /l2{(J:),f(ltd (x ))) ), and functions Th T2, snch
tha t rUT I'wry slugle-valncd function 9 L1Hl1. selves ll ', t here exist s a function f
thill, sul w s II sl1l'h th at f( .r) = 71(J ,g(T l (.r))). Define functions h' l : 2/ -0 /g as
h' l({.r)) = 'I'.(h l ((r ))) anr] h'~: 2' x S!1 -+ 2s as h'2((X).1/) =
/1 .,((.1' ):/1('1',(" 1((r ) ,y)) sn-h that (y) == h'~( (r) .Y(/I',(( X)))) . Functions h'l and
Il, ilTI' I>olynu1I1inl t illw allli show l ha t 11 ' is l'<ldrlah ll' with respec t 10 W', I
Null ' 1I1H1 I'lu l,ll1hil ily li S dl'l irll'rl hl'f(' i .~ t1isli nr t from IlIl.r1rlability a s t raditionally
,ldilu ',l i ll rOllllllll lll,ioual l'ulI1pll'xily theory (iHDG88. pp. 7<!-i5j; [6DG90, pp ,
Fourd l1$ Sl '$ orlI111llivahll'c1func tions will a lso 1)(' used below:
• N IJM V = FNP unrlNPMVg == FNP g [Sd 91),
• N I'M\! 0 /,'1' ''''1' is t il" set of nil parlial, m ultlvalued functions t hat arc
computed hy polynomial-lime NT I\.ftrans ducer s that arc allowed to ask lip
til a polyn om ial number or adapt ive NP que ries before nonde tcrminism is
invoked.
t t
• N PM \~ 0 FpNI' is th('st'!,of ,,11 fu tidillllS f E iV/' M" 0 F I" v/ ' such 11m!
t he ucndctcnninistie phaSe'or lll\' rompntntlou is n-strlrtcdto N I ' .lf l ~ .
• (N PMV o F p NI' lf/ is lilt' sd or l,ll rlllwtiulls f E N I' .H\ ' 0 ", I ,N!' Sil l'l ,
t hal grllph(f) E P.
T he NPr-,IV-com posil iol1r1 iL~S not ution i .~ nl lil ptl~ 1 from tl lll!, in [ F I I OSH~J . Vlllian l
not iced th a t a ll solut ion problemsasstll'illtl·d wit h NI' tll~·i sioll 11rt,I,k llls nn- ill
NP M Vg ([Sd91 , p. ,I]; jValifi ]) . Class N I ' /LfVII 0 F I' NI' is lIS\,fllll ll'l'll1lsl' it
correspo nds 10 those solution probh-ma wlu)sl' nssol'i ld,('.1 th ·d siem IUlIl e'\/Illllllli" lI
problems arc in NP a11l1 O plP , f(~ Jl t'rli\'C'ly. T he' rollo willp: ( 'l i~~s rl,lat i" rrs un-
known:
Lemma 17 ([SeI91]. P rop osit ion 7) If f E F/,NI '!fJ(I"K" l ) R/Ill ,11'fI/lllff) E "
the/! I E: P .
P roof: Ill1plici1 ill li te prouf of (Kll '8H, 'l'ln-cn-mr. r].
Co rolla ry 18 The followill9 hold:
I . (NPA/VoF p NI')g = NPMVg,
e. N PA/Vg ~ N PM V , N I' M Vg 0 FI'NI' ~ N l 'M V o I" I ,NI' , N I' MV.. t:;
N PMVg0 F I'''' '' , end N PM V ~ N I' MV o I" I'NI' ,
3. N PM V c. FpNI' r.>el9/, fl . 10].
r !" /IN/'[()(h'~ NIl c NPMV if (wd (mly if NP = co-N fl {Sd 91, ThCfJrem 4,
/l u1'/ 12}.
,'i, 1..! ,N I 'lo; I ,,~ ,, )j C N /l M Vy if (wd fJldy if P =NP f.5cl91, Tllforem S, Par t
o. N /IM ~q ~, f" !INI '!()(I,, ~,, )) 'f fill d (lilly if P =NP {SeW!, ThCfJrc lll 3, Pari
Ifi}.
7, FpNl' =. NPAlVg 0 ",['NI ',
H. N IIAI~, 0 F p N1' eN PMV if al/d Dilly if NP = ro-N P,
P r o of:
Il/'{wf (Jf (I ): T he lcftwanla inclusion i~ t rivial . The right ward s inclusion
fulluws by I,his simul atio n: for any machin e M correspond ing to a functio n f
in (NPA1V I,) {'IIN/' )II' nondc tc rmtnbtlcally guess all possible ocqucnccs of NP
qur-ry ,I11SWI'rS , roruputcuoudot crmiuietieally rel ative to these queries, and accep t
11 t'lIlupnl,('i1outpnt if it is is valid (which ran be checked ill pclyuomlaltime, as
p;raph(fl E P l·
I'/'Imj oj (.'J): Follows from t he prefix-search technique (sec Section 4.3).
I'/"(mj (lj ($): The Itoftwartls implicati on follows from the collapse of t he Poly-
uomial Ilil·r'1r(·hy. Thv right ward» implication follows because the cha racteristic
funrtiun for ,UI~' Inngllngt' ill ro-Nl"is i ll FpNP[II .
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Proof of (5): T he lC'ftwaftls im plira tion f"lIm\'~ fn llll lin' rullll!,"" tl~ Ih,' I'uly.
1I0mial Hierarchy. The rightwll.nl!lillll,liral ioll ful1uwlI frum 1...-mma Ii .
Proof of (61: Similar to proof fur (5).
Proof of (7): Follows from dd illiliolls and 1.I·MJf fur ( :~).
Proof of (8): Follows from part, (4) allli (i) . I
T he major 1't"11l.t iol1s thal an' still 0llt'll an- N " "n~ !,;; ~ "'''If/' ISt'1m, I' . :!:I],
N PMV ~ NPMV, o F p N/', ll.ntlNPM V o "'1','11' C NI'M l~ 0 10'1,,'11'.
Note that any op tim al-cost solution problem filii I..• lIillllllntt'll by askililt t ill'
number of NP queries required to d('ktl11im' tlw"pti mHIn",1 { II ' ~' S,-,·tioll ·1.1 ) ;,n,1
t hell llsillg th is cost as the input to t Ill' r(1rt('SIJ01 11IiIlAAiv'·Il.rnlil I'ruhl'·IlI. 11" 111'1' ,
if enough computa tional po wer is available, any fllllrl ioll ill NI'M V, 0 F/ 'NI' n Ul
be reduced to a fllnction in NPMV. i.r-, tl~ giVl'II-l'U<t "olllt;'m l,rul.ll·m. Thls
simulat ion willbe 11M":! ill mAny of the proofs giVt'IIIM·luw.
4 .1.2 Classe s W ithin FPSPACE (po ly): Co unti ng Clnssci
T he classes of interest within FPSPACE{llOly) IM'MIIl" tn tim" Iti,' rard,il'S IIf
cl"lnling classes, which ate based 0 11 two dilfl'Tl'l lt 11111<11'11uf r 'llllltillK i<' JIlLiIlIlM.
For a polynomial-time NTM t rallNd llC"~ .IV E f M /' 11, II'l #N(;r ) I...~ t ill' 1I11l lllJl't
of accepting r alll , i.e. t he total numbe r of Nolut itll lN, 111111~ I Hl IIN {J: I I H' till' numlu-r
of different solutions computed by N on inplIl J:.
NI ' Ml"o !·,/,,vI'
Figure 9: Functi on c1a.,s('Swithin I" I' NI' (ada l,tc'JI Iroru Fi,l!;urt, I uf jS,' I!ll lJ.
Inclusion relations arc doucte d hy unm ark,"] a rrows illl,1 rdi rll'ltlC'lIl n' liLl.iulIs by
arrows ma rked wit h c. Ce rt ain r,...]a l iunsh irls I,ha l a re- nut tIlllrk",r itr" fl" ss il,I,,;
seo rnainLex t.
I. '1'1 11 ' #. lIi, ·ra rd IY, # 1'11. wll(J~(' h h leVl'I, #( F~n, k ;:: I. is the class of
Im...t iOlJ ~ f(.r. ) SIW], t hllt f( .r ) = # ,\I(.r.) fur SOIll" N E I" ~~ . This hie ra rchy
i.~ ' 'l jlliwrl''J1llo 111<11 ,[i·rim,,1ill [Vali !JIJ]011dll.~ SI's ill 1)11 instead of foP11.
~ . '1'111' Sl'll u· l lil ·r<Jl'rhy, SI",u!' ll [KSTH!lJ, whose Hit level, Spa1L(F~D, k;:: I,
is lI11'd liSSuff lilld iuIlS! {.l' ) such th a t [ (xl = .r.,'/I(III,v(.r.) foesome N E F!:~ .
1,1'1. l./u' first. and sl'l'(llldIl'I/l'lsur#1'11(Spa n!' ! I) he wri111'11 #1'and # NP (SpanP
MillSI';Ul NI' ), ;Ul,1ddin l' hardness of Iuuctlons in the classes or th ese hiorarchios
n'l a t iv,' til IIU'l rk reduclbility. TlU' Iolluwlug cla ss rela t ions a tc known :
C orollnry 19 '/'In j ollowi/I.q hold;
I . #/'11 , Sf!lIu/ ' lI, (/!Id 1"/, '0 ' S;; Ff'Sl'tl CE(poly ) .
• . FI'II I,;; 1"1,;11" (11 [TIl'.?!!, 7'f,rO/TIII .'j. IJ.
:,. 1/ dOn,. # 1' S; (o'/'II O J" f'1'1I I,;; #1' Ihrn I'll mflfllMc.• lil a [mit e lr t,r1
["1'I1'.f1t!. ( 'orlll/M'I) .5.7, I'a,., t].
-J , # 1'11£: 1"/,#1'[11 { r IFt}:!, Thrrn"(/l! 4.1].
Ii. N, ,'~' ;:: I, # ( F~~) S; S I)IHI(F~U [IISTR.9, GCllr mli::aliOll oj f' lYJposil io ll
.pI
N. N,d ' 2:: I. Splln (F~n £:- #(F~~+ tl {IIS TR9. GtllCl'ali::aliol1oj Propos ition
7. for 4· ~ I. #( F~:) = SI",n{ F~n iJ "m l'IIIly iJ r~t = ~t /"'.'.,'1','('1.
GCllrrufi: lIl;n 'l oj Thrill Tlll ~.,fIJ.
8, f or 4· ~ t. Sl'im(f'~t l = #( F~~H ) if " ",{ />/If,, if ~r = IIf / "....1'...11.
GCl1 f ndi: ali oll of Thrm .,,,, t .u].
9. # f' ll =Spill/I' ll .
P roof:
Proof of (J): An)' 1>o1}'lloll1ial-tim" NT'" arn'j ,t"r ur tram"ln""r l'; 1II h. , sun.
ulated in PSIJACE [B f){:S~ . Th"of'('1II :!.1\{111I; 111'11.·.·. by r.'St'n'III~ "1""'" r..r
FPs r ACE. A rOllnk r of 1ll' C('1l1ill g Ilatll,. rau III' ;IUIU'!Il"\ 1\1itll}' I<nd l l<illl ul;l'
l ion 10 rllkll\att' # N(J'); ln r nk u\all' Spa IIN(.r) , ""ll lIlu11\y I.hUM' w·'·'·I,!.illJl; I,atl ll<
inl1late- N 11 1' to the current arn 'l' liu ,I!!; pall l. A,. 11U' "lll llilt uf 'Illy fll1lf"lj"l1
ill these hierarrh it-s ill IJOlynolllial1y hOll ll, ~ ..1 ill t ill' 1( ' Il~lIl uf l lll' ill/,'Il, lh,.,..'
hirrll rrhirs at(' in FPSPACr-.,( )Joly).
Proof (If (5 - 8): Till' I,roof for (li) is 11 ,.trai,r;lltforWiltl l m",lilil'llli,," uf 111 011 ill
[KST8 9], Lc'lIlllla 4.:J ill (KST8!J] ran Ill' tI",lau ,,1in u-nus (If IImd.'!!A, A' E ~r if
line 0\in the algorithm on illig.' :11;7 is el"II·t,·,I, a ll.l ll... m ll.li ti u" "ur (3i('I" : ,) rJ
lJf III/" ltled to 1I1l' dellnitlon of ORACLI': ( III l lil ~" ;!Jjli. Ibi ll ~ l lliN1"l1 l11 li1, i t is
easy lo prove gellcralizl,,1Vrr!lillllNuf Prop' l1;il illn o\}, a!t,1( ~IIr"l1 a ry -I.liilll l<STK9j,
from which (6) . (1), alld (8) Iollow. As~: =lit i lll l.li,~ li ial # 1'11=#1f" ~:tl J ,
""
lIw b-Itward s lIurlilJtl uf (X) i.ltplil'S till' slmllKl'r 1~ 'S1l1t t hnt Spltll (F~~ ) = # 1'11
[1';ol·!J:.!I·
1'/V/IlJoJ (fl) : FIIII,,",s fWIIl (Ii) 1I1l1] (fi). I
'r1Il 'I"IJl IIII, iu,ll; f lllldilJUS of illtNI'st ill this ' 11I'sis li t! ' ",II in r-lass SplIn(N P"'Vao
F I'N/ ') , which is ill tI ll' low I'ud of Sllllrtl'lI. T IIP following r1ass rI' latious art-
known:
Coro lla ry 20 1'I1t Juf/(IIf';II,11 IwM:
I . ."1/1111I /' ~ Spllll(N I' AlVo ", /,.'11 /') .
;1. Spall ( N I'Al l' o FI'N/' ) ~ # NI ' .
~ . Sp'lII(N I' MVq 0 FI,NI') f; "plmP iJIIlId ollly iJNI' = I'O -NI',
Proof:
1 'lYmf.~ (lJ (/ [1): By dt,fjnit ioll. As SpanI' = Span(N f'MV), relation Span P
~ Spil1 l(N I J ," l ~ 0 I"I' N/') is 0]11'11 ill pa rt because rela t ion NP M l' ~ N P MV,o
fl"VI ' is "1" '11 (St ~ , St 'diull ,1.1,1).
1'l",JIlj (;1):('ollsi(ll,t 11 NOT~ 1 ,\1 which computes a functi on J E N PMV o
"'1"\'/', MIII I!'t "',\'1',1/1 ' Ill' tht ' machine ill N Pill V invoked in ti ll' second phase
lit'tln- romputntlou of M, DI'firll' t ilt' following oradI' 011input r and ou tput y
fllr,H,\·" .I/I' :
A (r ,,II) = [There i ~ ~ r-omputafion pilrh "f ,l lx l ' ,\I \ ' nn input .r t llnt l ' r", I " n'~
output .II}.
Of~r1l' A i ~ in Nl'. COllsi,II'f ti ll' XOTl\1 ,\," whi..l1 ('ulIll'llll's n fllnl"lilll y in
F~~: ,.\1' g11f'~~ I'S all oll tPlll,l/ uf ,1/ ,\'1',11\' , l 'I,rrOr l1 ',~ 11ll'i l l i t ial F I' ''''' 1,1111S!' " f
thr-romputat lou of ,.\1, formulates input ". In .lI,\ ' / ' .\ /I ' . 1111d li St'" 11 si ll ,!!;I,'"i,lI tu
oracle A to Sl,(' if 1\1,\'/'.\11' Oil input r outp il ls !I, If ti ll ' nnswer t il "riwl,' A i~
"YlOS", ,\I' outpu ts ,1/; I'Is" , JII' rl'j , ·('t~ , Eill'h lIisti lll't output. uf M is pnHhln 'd ",I '
M' exaetly O IlC( ' ; hence, Spllu( /\I ) = #( M ') ,
jJmof "Ia» 1' 111' proof of t Ill' ri Rh t.w l\ n l.~ pint i ~ .. \"lO rillnt of t.hllt for IIII'
r ight war d» part of [1\:ST8!I, T IIl'lln' l!I ,1.111, Ll'l I, hI' ., lallWl1ll\1' i ll NI', Hl ' l i llO'
m ar hiue AI in Nl' i\lv;, 0 P/'NI' whirh iI ~ks il sill,!!;I" '1'I1'Sl i,OI I (" t.!1l'' ,rlll,lr- ill NI'
for membership in I" 11ll t! oU1Illl l s ~ I" UII ilil ,'ulIIl' ll1.nlioll )lIIL1I11 if t,11l'ori" ,11'
rejccts l.e. illpul r rf. I., allll otlll'rwiSl'I,a." 111 ' ;u'I"'pt.illP: ""1Il1'1l1"tioli . 1.1'1 f ...;
Span( M ); Hole that f(r ) > 0 if it1l.I IIt11y if .r rf. I.. IIl1wl'v,'r, I,y bYI'" I.llI'sis, f i.~
also the Span fuuctiou of SIIlIll' mnr-hiuc il l NPM V. As 11,;s Ill/If lli," ' " " l l l l' ll t ",~
co-L, L E NP and NI' = cll-NI'. 'I'll pruve tIll' Idt wllrd ,~ part., nukl.!tIlL if NI' =
co·N P, then SpanP = #N P hy Part (X)orCumllal'Y I II i,II" "'I'; till ' wmll,l'll rc'."ull
then follows from (I), (:!), aut! (:I).
Note th at hy the results of CUrl/Hary I!J, " V" lI tllllllll;l il l' is "fl n1ltiu l ,,1 in Spilll l',
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4. 2 Evaluation Functions
~111l'h of ti l{' t'Hti r work 011 evnluafion problems focused on decision problems
II1lIt app ruxiu11llt, evalua tion prohlctns : S( '( ' [Wagl\ 8i, Wagl\88, WagK!JO] for a
Tt'vil'\\' of 1hi ~ work. Two ill'IJro,H-ht'll 10 direct ly dctc nuiulng the complexity
S(j
of l'\7111laliun proh h' mll ill\'" lw Illli ll~ 1'",I,l••hilily ;ru,1 Ih,' Opll' 11i. 'r;u .·I.,\· t"',,·
StYI;UII·I, 1 I), t ' PP"r hUlln.\" 0111 pruhl,· III....I!JI'l.·s ily wilh inl l... rlllldiu"louUllOl...1
XI' 'llLt'ry I .wrard ,~· ;IN' ";I"jly t'l'l;ll.li,.Iu"l n"illJl,1111" 0 1'11' hi, 'r;,r"I I~', ;\ " 11\;' '' .\' .
prultll'lil" l'urr' 'l'I't1l1Ol inl!: III XI··01'1lI1.1r-1". I,,,·i..;ull prul .I, 'm". Iluw.·\·.'I". I....I,I;,I.ilily
i" l'till m.,·rlll inlltu"" ra",,,, wlll'"lI" 'l r;l"" rurlUaliun rrul11l11illl."·Uw'lu ml'l ri, '
n 'llllrli llll i" 'Kll " Iwill"'"
C·" n..ldor "1'1)f'f hUIIIl.I" ou II,,· ....." pl.·X;ly "r II... "\ ',lll1;.liul\ I," ,I,I", " " r"r II...
pl l,\'lt1,1t,""'l irinr"fl·IU""l'fi INill" XlIIlIi ll,..liu thisrln-d» . lI .r ( ·' .....t1Mi, '" 1. .",, ;11..1
H, 1111 rllllfilr1l'rrompil1.i l,i1ily 1Jr1lhl" IIIS ;o)1I111I1 W,·i",IrI..,ll'h.r ll1,,-" IU'li,' I'Msillllm.\·
a nd oIi"tilll" " matr ix Fi lli ll ~ prul.I"lIIs hill'" "l'l illWI ,''' s l" IItIlI. i1T"l'" I,\'II11llli;,II.\'
hOlmd,..I. all, llhal a ll wl'iR;I,h 'lI I,ruhl"lI\s h;I\"I' ,,!,l illl;,1 " ' .0:<1.. that ilfI' , 'xl",," 'II'
Co rollary 21 1111 f'luHTlr/, r f'nmpnl ibili lgfllltlll"",,';yM,J ploy/I,!"", Ii,. I"" ,,.i ,,,,,,,g
alld dilllallN' metri .. Jilt i,,!! f"tm/'lIl i,,,, proM, ,,.,. , rn", i ,,,J ill II,i,. I/" " j,. nn i"
Oll tl '[O(1ugll) j. till ",f"i!l/,(,d TJhylll,'If'Tllfir 1"II'..i l//(JIIy '"/11 "j~hll"'I""I,,.jr fi" i".'1
flm f ll fllio ll 1I1VJ!JIOII ,.. rJ:nmiliffl ill Ihi ... I/If~ iM my ill (J,ll/I.
By definition, weighted I'mhh'lllll ill whifll 1Ill' llI a~lt i ll l< I , ' !If t lu- lar.f" ."l wl'i~l lt
is poly uomially bOllll l ll~ l ll. ff· 1111«, ill (}1,1 1' (()( l u~ II J1 ; 111'111"1', I'" "\tll."..,iR!llo..I"
il l~u wr"t I" ~ lJd l probb-ms. By n's 'l lls from [1\ rd'lX] r ill '<l"],{j\"l ', .111.' r an rl'illl
"Oplf' 1(( II II"' il~ " 1" J " "' / 'IIf~ )J" ill ti ll' rl,ltl"ind.,t of Ihi ~ sr-rtlon.
,\IAX ·( 'L1Q I :E mill .\ 1 1~·V EUTEX (' OVEH art' hoth Opt P [O( I I>~II ) ] . ro llll l ll'll'
rII, n""!'!' 'l'lu-cn-m~ .~J: I ( : I\ U ~ I~ . Tln-en-m :I.:t]) . D, >fi l l(> .\ 1 ,\X ·X:t( ~ ilS llll' sizl' of
sl'l s . As X:\C' is II W'Il"raliz'ltiul l :11),\ 1 [(:.Ji!J.p. .'i:lJ, .\I,\X -X:l(: i ~ IIgrne-raliaation
"r .\IAX·:\I) :\I:;,s .\IAX ·:lIH,1 is 0 1'1!'[O (log u )]-ro lllpil'/t, [G1\ H !J ~ . TIII'on 'lIl :LiJ.
so is .\lAX-X:IC. T ill' rt" lllr1iulls Inuu till'S" I'r uh lc'l1Is 10 r-harar-ter ro mpat ilJilit)"
• .\IIN·V EHTEX ( 'OVEIl (x) = " II N.X (x) - fHI
(X E I1jl(' ( 'S. I1HQCS. I1BW,11BC:I' )
• L\IlN-VEHTI';X ( 'OV EIl (x) = " IIN·X(x) - (:1 11'1+ 1 /~' 1)
(X E 1111(' I)u, Il BQ l)u, l!( 'CI. tl Q CI)
• L\I AX- (' L1Q P I~(x) = .\I AX- BCctx )
• .\ I AX- I H'(~()( } =.\I,\X- BQC(x)
• ~1li\ · FBrT:![ /·;](x) = \ 11:\'·FI' IH [/'i](xl
• ~1t\X -X :l('(x) = ((lfl- ~J::\' · F I H1 · i " ![ /" ,. ~ j( x l ) f:l l - :1[('1
• ~ 1Ii'\-FBlJT2[F~. ~J(x) = ~ lIi'\ · F BPT:![ /"I' :::\(xI
• ~1l;\ ·VEnTEX (' OVEH(x) = :\IIN·III1(:'I' I:::](x) -IHI
T heo re m 22 ,llIrhIllY"./t I' l'mll/lIIlil,i/i ll/ '"111111111" i.'l"" ,J pill/I"II ' -II' Ii,' 1""'.';"'"11.'1
fwd di.•tnnrr -rnntrir filli/l ,ft /I'ft/Ill/lioll I,mf,! '/II,' ,n ll ll i " ,,1 i" 11/1 ,. 11" .• i,. Illy
L'onsidr-r '·" mph' II'III'.•.• N's llll~ for till' \\'.'il!;ll ll'l1 pr" IJI, 'ms, Ordilillr il.\\ II
II'l'ip;llll·,1 evaluntiou prol,l"1Il is ,,!lUII'll 0 I,tI '.nllll " lr·!." hy ~ I ,'"ri ,wt " f IIII' n-
dur-tious IIsl'd I,u show t h"ir 1lIl\\'I'ip;I ,I.I',1 \'I'rSiolis III I" , Opt./' [()(I "p." J!·.."r lll'ld, '
(GKH!J:l, p. !JI, lIolYl'\'N , t i,.· fl'lplir,,,l lHOI lifi,·" t iolis /ltl' 11,, 1, IIl,viol!s fill' roi
ther phyl(J~l'lIl ' l ir pil r~ i l1 ll1 llY or lli"I""W" uraf.r-ix fill,illA l ' fll l,I" IIIS, F"r " X" "' I,I" ,
ronsi ,I,' r tllf' \\,,·ip;l,1.",j pll)'l"g" lJdir I'M,simuny prohl' ·III.S, J)d iuo' w,'i,l\!lI.,', 1 MIN·
grap h an-] rl'l lltlis 1I11' xunrof till' w"ip;I,t" ur tlu- tllilliuHltll W';/l,I,l v,'rl .,x "11\','r .
This prulrlctu is OptP -ml11plj·t!· {(;I, IW:l, Tluon-m :1.:11 ; ItfJw"\!"r, tltI' ,liffj' ·lIlt.y
with modifying ti ll' 111auy" IfI " r, ,,h Jl't i{m~ I" " l,y t"W·u....i,· /, lltsirll<fIIy l'r"t. l"llls
~i \'O'h ill S...·li..1l :1.2.1 i~ 1111. 1 .."I j", ,,l ~ol ll t i,,"s t.. 1111' rr..lur-e..1 insta llf"· m-it llt'r
'''II~i ~I ' 'lI t l}" 11li llill1 i~"'lll lr 1lI".llilllil',,·I IK· \\'~·i~hh of I Ill' \·,·rl in '!' IIf 11ll" ra ll.li. llIlI·
,-m·.' r. I,"1 illlolf'..,l llIillillliz,· IIll' ",·i..:l,t .. f l l... I\·h..I,· l r...· {.....• FiAlm ·I I}. Tl lis
•·..lIlpli,·"lf 'l' tl ... ' "xt rild i..' I ..f lll~' n'lol 'If 1110 ' 1I~'flll Jlelrtinlls elf tl 'l"sulut iou fWIlI
1111' n ...t "f 1111 ' wl" ,I,· Selllli "l1. Th is .Iillirllily ean h.· fl">llll\',..1 iii Iltl" lillllU' wn~'
i tld ll , li ll ~ ill Ill<'ill lot;lIll" ;11I ,' xpli,·i' \\'t'i,,;l, t iliR fllur tiull fur llll " " g~ 'S in ti ll' im-
I'lil'it. ~r; q , l. . Tltis \"'rsi,," ..f 1';II·1i \\" ' i ~ltll ', l l,hylup;"lld ir parsimony prohl"l11 is
!! lId tl llI.~ willuot I ", "" "sid' "fl',l here- Iunhr-r, Similllr dilfirullif'S orrnr in i1ttl' l1lJlh
I.. m..,lify 1111' 111;IIl.r·"lI'· fl..hu-liml s fur dist a..., · ma trlx Iiltillg pwhI" IlI~ gh'f'll ill
St..-l i..n :!.:!.:!.
l'aN<im"u )' and . Iis l ltl l<"t· lIla tr ix litt iu,!!; I'ruhlrlllJ\, IIII' M,"llIUilt jOll problems rc rre-
l'l"" I.lin,r; I.. ti ll" 1;,I1t' 1 a re- OJlt l·IO(lu~"lI·h i\fll. 1I0wt·\,T . it ill pa"SilJIt' to do
l...tI ' T llsiuR Imdc!lIhility:
I . .If/x· lI·m·(·s II/Itf .HIN.U' flQCS nrr Ilnt/duMr 'r illl I'f/lprd 10 VERTEX
('()\'I:·U.
_. .\11.\"-11'11( '0 1' ,rr,,1 ,W N. II'UQlJo art pnrldablr Ifitll rrNJrrl 10 ('ERTEX
COn-:U.
' I()
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Figure 11: Difficulties with t ill! r l 'd lldinn from w,·iRIII.I'f1 MIN·YE llTEX C:<>V EII
to weighted phylogcuetie parslutcny ('vlLlllillioll \llo l,I'·lIIs. C:ral,lls utt- sh"w tI un
to p, aml all possible I.rl'c .s for l'il r h p;raph 1I11'["r tlU' n' ,hu:lj'm i ll Tuhh-!J .11I,]
the costs of these tn'('s (C ) and t heir rumO:;l'u lI.liu,ll; vertex 1"t/V l 'Ts (V( :) "n ' I.!,iwtl
hf' low. The l1umlwfs ill pl\rt'lI l l ll'S(~ in l lw p;ral' Ils ,I,·rlll!." L1 Il' w,·i,l!;IJb miMH'i'l1..·.1
with particul ar vcrl ir.l's. Noh' thaI. for t llP p;rapll ill (Il), til,· 1IIillillllll l n '" ill 1.111'
reduced instann: alsn yid fls il. minimal VI'rI.( ·X {'ow r, which is II"!, till' ",ISf" rur till'
gra ph ill (h ).
!H
:1. MIN-WIIW i" pa,(J,,/,f, .,.ifl , ruptrl fo If£ Il Tf:X COIlf:Il ,
[ . MIN - WIU ·'( 'I q" ./ MI N· It' IJQ( .'/ QIT pn,ldllbJ, ..iff , " "ptrl In l' J:.'RT£X
( 'm'I::U,
s. ,1/11\'- H'IU;, i,~ ,,,,tItI,,£1, ", if/, ,...0ptr l l" lfe/lTf:X COI'EIl .
Pro o f:
.. ,Ji of VI,;IlTEX COVEB ha.....• till" SIU ll" numbe r of vcrfic-s, and call
Iha,' Ill' 11ll1I'P",J hy IIII' n-durtion f ill '!"i1hl.' !) int o k instan ces of UBCCS, each
" f whid l Ilils tI d larlll'l l' fs 11 11I1 III ; tex e , I ::; i ::; k. 1.1'1 m· =max nu, Const ruct
1111iwda Hl'I',r' uf MIN· WHC('S 011If = hi dlllrArl(' 1'lI r .. , ,., CJo split into ZOll['S
::, = ' ·'._11. "+1• • • • • 1",.". I ::; ; ::; t', with ('arh ZOIlI' ro rf"('lolpo ulling to one of thl'
,r;i\1'n install "'''' IIf "IH'( 'S. l.ol 'l S' = It=1Si, with ('arll 11 e S, hdng mapped into
its al'llrup riah ' ZUlli' as ill f lri ), with zeroes in th l' rhllrart" f!II of all other Wil t'S .
\n,,~h l ill r' hill<a lilllll\)!'r .,f hits IllllYllomial in t·, III'. illld II. lienee, function
Nu Jl;lth ill ,111 upliIlWl lrl'(' T for instance r ' ran iuehulc a vertex 11 such
Ih"1 /' has dlil r,lI"h'Ol with slall' I ill lwo difTN{'l)t ZOlI{'S, SllPI)OSC lha t such 1\
pHI Ii I' ,'xish . Hud IIS,~ ll lll t' wit hout loss of gl'lIl' rality lhlll the re are no verti ces
frulII S' nil l hi~ path. DI'IIt,I' the- lim ZOUt'S by ::' lind ::N. t ill' first two vert ices
sllrWlIlldinl!: t- Ull I' 111\1 hll\'" l-slah'S 10 11\11)' within cne ZOtl(" by rand Y. and
!12
tlw 1lI1l11h"f of l-sretes ill ~. and ,If hy [ r I1I IlI I ~. :; lI PPU~" r ru..1 II al',' ill t ill'
sa m!' ZOU!'; aSSl1l\(' th is zorn- is s', Cn-atc ~ 1 path II' hy tu kiug earh \','rl ,' x ill
11 and retaiulng only those ('t!p;t's wholly ill ZUl1l' : ' Lt'. pruj .'t·t pnl,h I' \l111u tln-
cha racters iu zone :' , Path 1/ still WU11l 't·l.s.r IHul!/ • •11 111 is shur l" r l,hanl'. which
cont radict s thl' optimali ty of T. Alll'r nath·I,ly. Sll[l[lUSI' r und ,II a rt' i ll ZUlli'S :'
and z", respectively, ASSI1l1lt' wit hout Ims of ,c;1' lll'fiIlily l,h;lt 1.11,, 1'\' is II 111I1.h rl~J lll
x t o 0 in : '. AllYpath from ,r to .lJl1J1ls t rontnln il t !l'nst Ir + I~ t'd,c;l'll uud ha\', '
length at lras t ( Ir }w., + ( 1 ~)IlI,,,. Ciliisider trl'l' '1" lhnl rl' [lla...·s tln- ['ill,11I' wuh
a pat h from y to 0 of It'lIgtll (I.~)w,,,, Trl'" '1" is .~ h Clf tl'l · than l,fl't' '1', which lsa
cont radict ion. Hence, all l 'I I ~I's ill LIlt' o[lli tlml hi'" nrr- ht'l.w"" 11 \/f·rt.in ·" ill 1.Il1'ir
own zones, and the cost of t he optim al t rl'l' fOf ..~I "Ol"tI'S[lUllIls til llll' Slll11 l11l ',1
cosh of an optimal tree for ("1\1'11 zom- 1i ll )l'.~ ti ll wl'ip;ht fur 111111. ZUlU'. 11('1·,,11
from Sect ion 3.2.1 lhat an Illlwd gh1l'l1 llil1ary C1t1l1in-Sllknl tf l't' un I I ' l,uxu i ll itl
Ii cha racters has cptim ellcngt h not gn'al,('r tluw wr/; thus , t h" n isi,s ur optima l
trees for cad. 'one cann ot overflow into t he r()st~ ftor tr t't'S in u!.lU-f l\O IIl'H , 111,, 1
the cost of t he tree cor resp o nd ing to nny Xi CiUJ be "i~~ i l y I:xl.wct l'd from tlu- "IJHt
for x', Hence, funct ion Ii ~ is a lso polynomial tr1l1l', l'sLahlisIJtup; IHlflrlnl,ility.
Proof of (2): Given il set of lnstanr es x,,;r,~, ., .,;r k of VEUTEX COVEll,
const ruct an insta nce x' il.'i in (I ) above with two a,lrlititJIIS: ( I) 1.11 ' :1'" MI' (I.:+ I)
zones, a nd the (1.:+I j-t h zo ne of maximum wd p;llt is 1I,'sip;J1 at.,',1 Z"', i111,1 (:l) ,c.," is
augmented by Yi, l:S; i :S;{k+ l )d, .~ll ch t1ll1l y; hilS I's ill I'tosit.iulJS i tu (1.: + 1),1
illl<l lI's .·ve-rywlu-re ..I!\f·.
C.. lI ~i"e · T .1.11" ,. li mAl ln ..· T f..r r ", I\ lI ...lgf'!! Ib j . YIJ+I)}. 1 ::: j < (I.:+ l )d}U
f!JIH I)oI.lI} J li n ' ill T I.y l ilt' n·I\.....lIiU1; ~i\·,·11 ill (UJ S8(j. Theorem :lJ. and by
ll"a "" lI j ll ~ si lllilar l./ lilal for ( I ) al,,/\'(". t h"n' ar t· Ill. !)a lllS in T between \'e rticcs
ill . liff.·,..·" t ;I" 'IIf~. ;\1" rt" ,\·..r, tlll'n' is 1111I....u, p from any vert ex " ill il zone
:' I.. any !Jj . SIlI'p o", ' stiTh it pilth l' ('xisb; projert l' cute charactl"t5 ill ::'. i.e .
n'·;lt., a pat h frull1 u t il O. As !Ij and 0 arc <llrearly ro nnc r tcd, th is yields a tree
IIIlJ' .'I!+lI. 1 :5i < (~'+Ijll ) UV/lk+llJ. O}} plus l;ICsummrd cost s of an op lilllit l
, r... · fur (';11' 11 ;(UUl' t ime'Sth.· w.·i,;hl of that ;(011('. By rca scniug similar to tha l for
( I ) ,,1,,1\·.·. fllllt·ti"" l1II , alnl II, IIIl' po lynomial tim e, <'5ta blillhing pe ddabdi ty,
1'",,'/" ../ (:1 ,Ii ): TIl(' ,m".fs for {:ll anti (")I\rt" \'I\riauh of those for (I )
lind 1:!1. n"' p,...tively, All ally onh-n-d JlltylogclIc·tir jHu''Simuny prohlcm can be
sillllllal,,1 I,y an "!' IIrt ' l'nll h·I)·.s l rur t ' In'f! insta llr r of t he (;rlleralized pars imony
prohk-m, (ri ) " ;11I I... p Ol\·. ..1II)' a VAriant 011 any of these ether proo(s, I
Corollary 24 ..III Irr ;gMl'tt /Ih ylogrurl ir parsimobY tllfl lualioll problrm s WZIl/·
i"" l ill '''i,~ ,h f'"i.~ fl /1" F1ii"'>·//fll"tt.
Sil1lilHrTl'll lllill holdfor ",'\'l'rlll of 111(' distance mat rix fitti ng problems.
Theor..m 25 "I'llI' !nf{(l U'illg 'wId:
t , ,II IX. /-T / '11/-i J ill pnddflblr It'iI'' rr"prrl 10 .\":J('.
0·1
!!. .11l,Y-F UUT/FI .?:. / il' i'm /dab/,. "'iI" rr~IH"'" Itt X:J('.
:1• •\IlN·F'UGT~} ill ,HlJtltI6/,. ..i//' rr "lwr/ Itt n:un:x l'on:u.
P ro of
Proof 0/ ( I): A5.<; IIIII(O wit llOul I lIs.~ tlf ';1',,,, ril1i I~' Illill i111 ~iwn il1sl ill "~ '"
Ily t he reduction f in TaM(O I i into k insta ll"I'" uf 1-'1111"1 '(1-',1. 1,,11" 11 nf whirh hils
grap hs G; with c; edges . !..rl,. · = ma x r; . CUlls lr lll'l, l ilt' insl.;uw.· .I' IIr ~ IIN ,
FUUT[FIJ 11.5 a distance matrix 0 ' ha.~I·. 1 Oil au 1I1llh'rlyiliA Arilpll t; = u~.., (,' i
d' i,j = (c' + 1)1; othcrwlse. T Il<' maxhuum \\"1'i~lIl ill .r' Iii's " WIIIII" ,,. ur I,ils
polynom ial in e" .mll 4'. I1pn("(O. fmld i,," 1/1 is pnl yu..minllilUl',
No Ilarl ilion ill lUI ul'timlll llll ' ''''Wlr ir t tt..· .,. fur ill:<t;ll....• r n Ul j"i u v.·, l i....,.
from di fferen t eomponcnr ~';\I}hs. AS!<lII1W lhat IWII 1I1wh Y,'T1.in'S II alu l " OUI'
joined at level I. Cuns idrr 1· t hat illslr'ilt l jlli"" I.ltll.1 II lI.l Ir Y(·1 (, . + I I" , As
d..." = (c' + J)I:, 1" i! of ]olll'('r eoet tha u 'f' . whirl l is It ... ,tllr 'lll i"l inll. 11 '111'1',
all pa rtitions mus t join vert ices within indiv idu al ( ,'i . A IMtl it i" ,. uf f : i illiu
eit he r three or four t riilug lrs in 11,1' manner IIt'SITi l" ,,1 irr S." 'l illll :I.'D is IIl'til ll;11
al level (c' + 1)1:- (c" + 1)/j- t1, Murt'ow r. tl ll 'r<~ ."11 11 Ill' III' ul.l 'l~r juiui uJ!./If
vertices in G; until level (c' + I )k, SUPI'0st' t lll'f"( ' W;I~ it pilrl ili lllr lIf f ,', ill 1('VI'1
I, (c" + 1)* - (c' + l )fi- I I < I < {c' +I )" , which[olm ..l two rm·viously !>I 'PilPII!'
~ ruup~ of ve rlicl'1tX 1\1111 Y. L I!l ax, a.,. alll i (]x U y I", ti,., s ll l ,~ raphs uf f ;,
ill,hw"fl by till' Vl' Th 'X-Nl't N X. I", aurl XU V , rcspo-tl wly, I...t cp hr- the number
(ISI+ ll' l- IHISI+IYI)/'J.- (cl' +COl)' Not e t hat c,p is th e numhcr of pre viously
", 1,1(''11, F i~lln ' l :l N!loWS tlJat ti lt, partiti on ai, le ve l (call ex i~ l if and only if Cr ::;; c u '
As f'p ls ::.lIIIPllM'I! of ("()lllpld, ~ subgraphs, C p =IXIOXI- 1)/2 +IYIUYI - 1)/ 2,
;1111 1 for :..- 1.'1IWI- f;" i h"IICl', this eondlt ion ca ll be rew rit ten as IXII}'1/2< c...
C" nsi,l,'r 1.111' fol1uwi llg t lm'l' ea.~,'.~ fOT tllf' sim plest possible par ti t ions at level I:
• X nnd Y fIIY' HillHlr T! rrlit'f.~ E {r n,.. ;rn.l , Xn.3}: As no edges jo in auy two
"r lIlt' SI' v,'r l , if'( ·.~ ill an,rv ::; O. Hence , t llll condition becomes ~ < 0, whirh
is ., l"I>!I l l"iuliet ioli.
As l,h,'n ' is ..t must one ' 'Ilgl' j o ining X and Y in Gn, e.. = I. Hence, the
cUliflition Ill'Cllll1l's ~ < I, which is 11 con tr ndic t.ion.
• X 1lI1f/}" urr /r iflll glrll i ll cil lirr rqllfl t io ll 6 or cquulio/l 7: As t he re arc
il t Illust two l'dgt's joiui llg X alld Y i ll Gn, ru ::; 2. lienee, the condi tion
h"CU1J]" S ~ < ~, which is n co nt r adic t ioll .
ll siUf!; ti l" argumout "bo\"!' for tilt' [oinlng of two groll\Js, the reader ca n veril y
lIla l 11t1 juin ing of t hro- liT111111'1"' gro ups at level ( can occur ill an opti mal t ree,
Th. 'f!'fll!"<'. ti ll parfltion at [1'\"1'1 / ca n exist in a n opti mal t ree.
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F igu re 12: Coudiucns for lTluh,iph ' pa rtil. iull [.'wls " II s lIl',I1; ra l' l: U". H 1.,\.,.1 /
is 110t ll Sf' d in llw opt imal 1.1"('(" 1.11( ' <,ost o f P;l'UllpS ,'Ii JIlul }' is 1'1'('" -I- ,/~ ) ;
else, the cost is c,d. + C~d1' Th IlS, lovr-]l rnn I'xis!. ill ,III »primul I,rt '(' ulIl,\' i f
c,d1 + CNrl1 :5 cw(d[ + ([2) i.l'. "I :S f' . ,
Hence, an cptimalultranu-tric I ,f( '( ' '1" fur inslann· .r' will t'Uli si sl. uf~· "" lIlrivla l
parti tions at levels (c · + l ]", (J :s i :s ( ~~ - I) o'urTc'sl ' lllll lill ,l1; l.u s" I" l ic>lIS I,ll 1.11<' k
solu tions . Recall from Section :1.'l.:I 1hal an opti llial solut iun fur J'i in '1" wili llilv,'
ill 0 ; t llal ar e induced hy t ha t solut iull; t hlls, lin - (·u.sis (If ul, t ilil il l nit rililtd ri.
trees for each Xi ca nnul overflew into t hl' n lsis uf " pl,illl,11 1I1l.r'II11l"l rk t.n~ -s fill
other ;lj, a nd lh e cost of the solut ion fur any .r; {' , \II Ill' { ·H.~ily " xlr1l<'I. ,·,j from ll l<"
P,vof of (2): II variant of ll mt ~ivlm al",\'I' for ( I), lmul,· 1 , o:;~ t'lIl1lplt·x hy
dominance.
!J7
I'HIII! "/ ( .'1): AS.~ll llW wil huu l luss or gf~llcriLlity lh at all given lnstunrcs
Jf , J~ , • • . ,Jl' uf VEBTE X COVEH ha ve thesame mnnbercf vertices v ami N lgI'S
". ( :" lIsl t lld t.llt' ilislallf'I' J' of M IN-FIH:T[;?; j as V' = { ...} U IU~= I V;- l- H.
s' = {t IU {Uf=,Hi - {"' }} , ;\I1d tr such t halal! rlislal\n's between pairs of vet -
tin's ill lin' Sil ll ll' II; ar e- thusl' givI 'f1 ill 1, l ll ~ reduct.ion ill Table 18 multiplied by
(" +,'+ Jj1i- IJ, nnr] all Il is h l ll C!'S 1lf'1.w('(" 1 pairs of Vl'ttices i ll d ifferent instances
111"1'sums uf till' f'II~I'S Oil till ' p.uh het W('ell th ose ve rtices in a canonlraltree Cor
1I('1.w" I'1I \·P ,'l.it'I'S ill d iff(,ff'llt vi, a.~ l lll'SI' witt bo forhiddcu by t he co nstraint or
I!UllIi tllll ll"l" ll f'IWf', till' rost uCllll' upl im al l rN.' will he the sum of the weights
or " It I'd~{ 'S in op tilllal 1.Tf'( ' S ror ('i1rh \1;. Not r tha t ti le Slll ll of weights for each
1'; will Ill' It'ss t .hun (ll + r )(I' +/,+It- I); hence, the costs of optimaltrees for
C'ill'll r , l"il lllut f)\'f'r UOwinto t Ill' f,, ~tS for optimal l,\"('('llfor other Jj . and the cost
or lilt' soll1lic JII for any .f ; rail he I'flsily oxtrectcd from the cost for J'. Henc e,
ClIllI'tiull "1 i.~ polymuulaltltne, l'Stahlishil1gpaddahillty, I
Il i ~ llllfurtlilla t l' that, tnns t of the wcigluod distance' mat rix fitti ng evaluation
pmbklH~ ,In ",,1. yil'lll to pll(rdilhi li l~' proofs or th e style a bove. Th e expoucnt.iel
itll'l" PI IS(' in IIII' 1f'lIl';th (If 1,11l' weights required to separate optimal solutions for
r-nrh ills till ll"l' under 1.111' Fl stat.istic rmnpliratl'll prcols for MIN-FVUT[F1] and
~1I t\ -FI111 ']'{I'; . ~ j . end it is IIl1t obvious how nne could show paddebility for
10'111)'1'["',]. FIII>Tlf ].or Ff r DT[F~ J .
lIS
Co rollary 26 The I f/lfol/ 'i llg boldr
e. MIN.PUVT fFJi, MIN·"'U01'{fo'J. M IN.f (f ( f'/ '{"ll, M'N.r(1 /)'/1'·'-:J. " ",I
MIN·PUlIT[F;'. ?:'] <liTIlm /H''''1/ fpNI'III(I"Atlll./Hml.
4.3 Solution Functions
Solution pro blems have b er-n studied i1l1I in ·,·t l)' viii tl ll'ir il p pr,,~ illl a tiull I,.~. , k r i·
s ian problems (G .J7!l] an d ovaluatiou Illu hl " lIls [f: I, WJ2, I\ ....XX[. M o n' n,,·,,"t ly.
t.hese prolihans bave 11"<> 11 stlUlif'd diTPr1.ly 1I .~ i ll ll; JliHld al.ili ty [(:T~ ' J , C;HSl'li] illld
ruultivalued (ullc t ioll clas ses such iLS N I' AI ,-,:, [S,'I!) IJ. Till' 1.,·l'Ill1 i1111<'S ,1"y,' l"11l'11
i n th is la lt('r work will be llsl,-1in thi s sectiou.
T he re arc se veral typ es of solut.ion [uuct.ions.
I. A Functiontlial complltl's iI. s ingl,' sululiull [<: .I7!J. CllilJll"f ."il .
2. A Iuuc tjon t ha t CUl ll J>ll lt ·S hil t eannot "ll1lllll'rat" 11 11 l<u \ ,, 1.;ulls i .... ;Lfllllf' l,iull
ill NPMV {Sd! ll J.
;J. An indcx-drj vunIunerlou !I{ i, ,r j l.llal f'ultllm1., 's t ill' i·I,1l :-;< ,lIl 1.i"rl f"t ir l ,~tHIll '"
x limier so me POIYIlOlll;lIl·l illH' lIt111' r ;ug /' "11 I : muy s l.ri lJ~s.
D efini ti ons (I) a nd (2) wll l he Ilis('ll sSl~1 ill thls Iil' d ioll j r!1·ri lliti"lI (:i) ,ll's'T iI"",
tbe cnu ruc rat lon fll urt imls iIl Sc'cl icJII V 'i a w l will l,,· .l isclls SI·,l l llO'r. ·.
!J!J
(:ollsi,I,'r Iu ur-tlcus ur llw lyp l~ ill defl nitio n ( I) abo ve. fo l lowing {CT!)I].
til" (onls willI,, · 1>11 1J0lltil is nn 1I1l~ eomplexity or SOL·X ! , the cla ss o f singh>·
llilli tl'd flll lfl ilJlls Ulill, e-ompuu- so lulillllS to prob lem X . C['rtain proper ties MC
kuewu 1,0 illlllly "pllI'r )JUlInds 0 11 SOL-X!: prohlf'llls t hat hevo a polynom ial
IIlllldH'I' or {1'llsil ,I., ~(JIlll. ilJlI"~ fo r any inst iltlf" are in fPlf " IScl91, Proposition
."iI, 1111, 1 p rol!lpllIS that a n- pclynomial- Iuwrtible ill lhe IWIIS(' of IWagl\87 1 l.e.
1111 sulut ioliSor f'u sl k r-an Ill' l'lllll lwrat pfl in poly no mial ti me, arc of complexity
1"11livlIll' 11L lu l lwi r rusl functions. Howe ve r, none- o f tIll' p robloms cXllmilll'fl ill
t llis 1.ll's is l'xllih il, rh.lu-r uf Ihl'S(' 1'1':Ipcrl.irs. C onsider instead lower bounds.
By tIll' Im 'lix-sl 'a rd l 1.1'r1111iflllt', whichhu ilds an op tima l solution bit hy bi t by
nmsllll illj1; an NI' solut.ion-preflx oracle <lBDG88, p. (Ii] ; [GJ79, Chapter 51),
t'VI'TY pm hl"1ll X h il.~ at Il ilst (1111>member of SOL-X ! in P I''' ''; hen ce, t he lower
lIU1111ll n m Ill' li t) 1 1 ~nlt'r th llll V I' ''' ', A ~ IlOopti mal- cost solution funct ion can
Ill' ""!lit'r then it s as~odatt'tl ('va luat ion fu nct ion , lower hO\1I1tls ("1(1) be derived
Irom tht' ("{Hllpl t'xit), uf 1I1l'assof'iaktl eva luation Iunctlons. Such bounds can he
il ll prUVI'll rur Ilhylu gl'lIl,t ir in{('rt>llce problems hy app lying T heo rem 16,
T h eore m 27 A ll .<i11fdc- I'ullm{[unctions M M I/g all ' l/ly/ogcl/rlir i/lj fTfllrc optimal-
Proof As not ed ill St ' f't ioll :1.2 ..t, all reduc tions in Sect ion 3.2 g ive algorit hms
for ltilllSfmlllilig up timal solutions fUT original and reduc ed instan ces into one
illfUlllO't . 111'11I"t' , tin' nu-t rir- re-ductions from ~ I AX-X3C. ~lAX-CL IQUE. and
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IC'lIlsgi\'(' ll ill S''f"tioll .t.z rnu Ill' Illmlilil'l110 ~; v" llIl" r ic ' n'lllll'1illlls bl'l l\'I'I'1I111"
ror rcspouding ()]ltilllnl . C()S~ su iu liull probk-ms. S() I ,·~It\X-CLtQl1l': is 11,"1,1.,1111'
[CT!lI , Theorem '1.:1], .\lu l SOL ·MAX ·X:lC ill il l SOL-lIIIN -VlmTEX ('o\'lm fl lll
be shown I'.ulllah ll' v in fllllftiulI NlllHl l'iml,l)' "um],i,ll' 111<' ~i l"' 11 iIlS1;11 L...", int ,.
O1H' instance without adding a ny new fUlIllHlI1"lIl.s, I
Considernow functions of tIll' typc' in ,],'lil1il,iull (2) il h"I 'I'. ,\ 11 jlh ,\' I"I!;" IlI't.k
inference cptimal-rost sohulou l'ruhl" ll1s ,ldin ", 1 inth!» 1,III",is a n' in N I JM I ~ 0
ppNI' , IIU tl all r(lfl"l'spouding g;iWU'l' llSt '1I1l1 given-lhnit sulut.iull pruhtl' l1ls an ' ill
NPM V9 • Th is dofinirlou is l1s,{111 prim afil)' rUf \'is lt a l i z i ll ~ 1.111 ' :.;,01. " f ""llIl.iolis
tional struct ures Iordiff<'r(,l1tlYIll'suf so lut.1l1!1fUIH'l,iuns l' .A. t.ht, I,W ll ' I,I1iISl' untun-
of N PMV90 FpNI' romputation s (1"'(' Sc'r t,inn '1.1.1) . lIuw,'\'l'r, it is I,ll''' pllssil,I,'
to d"ri Vl'fl'Slllt s ' l.~ i l1 g l h i.~ ,ld iuiliull, such il l' tln- fulltJwill,ll; ImYf'r 1"11 11 111 "II tilt'
complexity of singh- valn«! fllu rli" lIs fur till' p [,yluI1:1'1Il'I,i,' ill f"rc'III"I ' /l,ivc'lI ·msl
and givcu-limlt selu tion prulJlf'lll S.
Pr oof: Cook's generic f(~lurli(JtI frlJ lIl I 11'I ' i~ i(J!l prul,I"lll s i ll I"; !' 1./1SAT !(:.J7!J,
Section 2.6) (s('C Sl'rli o ll ."i.I ) is a It'' lwrk nn-trjr- fl'.llLl"tioll from C'VPI'Y S.,IIIt.iuli
lUI
frum SAT I" CI. IQIIJ·: , VEHTEX COVEH, 1111.1 X:U; (GJ i !.l, !''k...t i''l1 :I.IJ. /lllc!
limit S.dllliull 1'1',,1.11'lIIlt, 1I"llrf', allY singll'-"allll'd fUl1rtioll 1I1/lt ~h'('!l a ny of
tI.., "l.y IU~I 'l lI'l i .. illf"TI'lln' r;jv"Il-rust a llll givl'lI,lilllit solut ioll proh lrlllll ('a n Ill'
IISt. 1 tu nllll<l,fll"lll s i ll~I "' \'II I ' Il 'l 1 fllllrt inn th /ll ."'uln '!' any prehlctu in NPA'V"
'1'" •·.. llIpl" tp til<' I,wu f, t",'/dl l lllll NPMV, 5;r r p NI'IO(l"II"U Implies p :::: N P
IS,'I!I I, Thmn'IlI:lj, I
4,4 Spanning Functi ons
( '''"11lill~ prullll'llls \'oWl' fil'l't II"finl'1ll1l1tl stud i''11 in (V1I1i9a, Vali !)!>, Sim.J77],
This {';ltl}' wor k nlll siclC't1 'l1the' 1l1ll1l 1>M' uf (not. Ill,(,C'S.~l'lrily distill('l) solutions en-
"'1,1,.1 I'r 11 11l'"11f'lrrm inistir r-ompnta tjon , 111111 11M 1,,'<1 viII thrcehold-aecepten ee
1I11.·hanisms to th. ' \mtk 0 11 I'roha hilist ic ecmputatlon poll90, Section -lJ, Th eT'C
lIas hn, '" a I"f '<"l 'nl f(~ll tgf'n (f' II{ ill k n'llt ill (,oullt ing for count ing's sake ISchU90,
Tur.II , Wilp;I\ ('ifi.., \VIl ~ I\$(ih l , illd .,ding l !lC'cOll nlitlg of distinct solutions (KST89J,
whl..h wifl lu-f l... fu"lllli n lllill :<c.'diulI.
All ph ,l' IIl~{ 'l ll't i l' inf rr onu- p;in 'n,cosl and giveu-lituit problems examine-d in
1 11 i ~ li lt'l<ill an- ill Sp1 l1!' , anti all corresponding optim al-rest spanning problema
nreju Sp;llLtN 1 · .lI\ ~ 0 1-' 1''''''). At pres ent , tlwl't' li n' 110lower hounds known OIl
lOt
till" ("o111 pl('xilit'llU( all~' u( 1111-';<' I'whll"l1~ . O ll l ~' l l l " rl"llI.-liu lI rrum C I.IQlll ·; III
nce gi \'~ a o ne-to-one !1011I1 ;\lIl lIlappill~. whid l yi.'I.ls ., " lC'l ri.· f<'(lut"!;"11 I" ,·
t W('('II the roerrspon ding ° 111 imal·rusl . ~wI...·.",I, ..". I p;vl" I. lilllit "I' illm illA!,wh.
Il'l11l1. ll cnrc. all rharRrh'r (·tllll pilt i lJ i li trSl'alln ;lI ~ 11I111.l'm" MI' hilrtll't thl'" IIll'
rortl's lllItlding problems fo r Cl.IQl1E, lJlIrur l llllilh' l,l\ nlllll' o f ti ll'S(' I'wbll'ms fill'
C LIQUE .HI' known tn l..' Ill' hattl fur l'illll'r # 1'or SpaId '. It is ;ull' rl.,.tilill t!lill
only the vel"ll iulls of CLIQUE 11 1111 VEIlTEX (' OVEU tllal n UlUt ~ll"ll ll y "" Iilllal
w lut iollS levc 1""'11 ~ I M,(\I n t il I", # P-l "U111I'I..1I' ('.'ali !).., T ln" ' f('1ll II.
ScVl'Till lt ivial hul illtri';U;IIP;IM" " IlI" I'm.'tp;" fllr il t1~· sllilllll illAI'w lol.111 X I'J'
• SPAN·SOI.·OPT.X E F / ,s " AN- SIll ,- VAU :Q- X
• SP,\N.SOL-VA L.I.I~X € F "."I'AN- SUl ,- VAU ;I,I- X
weig hted prch lem s,
• SPAN.SOt..OPT.X E P /JSI'AN-s(II._VA ' ~I£_ X
RIIl I rot all problems:
• SPAN.SO L.vA L. I~Q.X € F p SI'AN- SOI• • YAJ..l.Ji -X!l]
Note thai if either of the givell·cosl or 1I;; \'i·II·li\ll;t Sl'il l llli ll~ l)w l lll'lIIs is ill 1"1'11.
IG:I
I... ill FI' II wi\llllllt illlJlly i ll.llilllyti lilil'; about tin' f'olllpll'xi ty uf t he' other twe
4 .5 Enumerat ion Fu nction s
AlIl 'xisl.illll;fll'liuiti olis uf 1'1I11111l'rahilily ili complexity t heory (sC'C {III1SY!)!,See-
I,i" ,, :ll rllr II n-virw] arc' r-oucenu-d witll l'l1UllWralillg langua ges rat her t han t ilt'
l'illi,l!, ('S ur flllw1.iuJis fur pll rtklllar inpu ts. The enumeratiou p roblem considered
IWfI' wns ll..rirll'd mon- fllr 1I1PftJllv(·" k'nfpuf its IIS('f~ t hanthco rot jcnl t ra ctahility;
hO\\'I '\ '(' f , it may still Ill' of SO ll W liSP in purl' romplcxity-tlu-oret ir invcstfgatlons .
Tlllmp;h il il y fUIlc'liull ill FI'I I ca ll I", ahn ulatod in FPSPACE(poly), it is not
" I,vill\ls that nny such rllllcl.iull run Ill' enum era ted ill FPSPACElilOl y) .
T heore m 29 Uillrll tl Ill'oMrm 1/ ill ,.,~t (lnd II ptllY/lolllill/- li mr m-drri u9 P 0/1
Ilil/(lI'!I ,~f" ;lIf/ ''' ' Ihf' /llY>hlf'1II oj rolli/lil l i/If)tlu- ~'Ih ",I/illl lll soflllimlllll arr P JOI'(III
i lll< lllIIl1' .r oJIl i... ;" fI'S l'tl Cl,'(,Joly ),
P ro of: 1.1'1. N E p~r 1)(' a polyno mial-l in II' NOT~'I t ransd uce r that COIllIJllt.(OS
t ill' Sl llll t , i ulI~ "r II. I"/'l ll(n ) bo t.hr- polynomialbounding th e funning lime of N
mltl <ISSII1l1l' l lillt all solutions IIM 'I ' Il'ngLIl11{1l). Define the following fun ction:
RA NK (N ,P 1x,y ) = l{wj w is a soluti eu t o N 011 Input r and !II :S y under
ut< lt 'ri ll ~ I' l l.
H ,\ ~I\ t'1IU Ill ' romput rd ill FIISPACE (poly ) in th .. same way a~ fund ions i ll
Spall !' 11 {('urull l1t)' Ill. Part (I)), Using RA NK, a binar y sea rch fan d etermine
10·1
which or the 2r(~1 I",,,"sih lc' Mlllll ill ll!< l,ilS I'sad ly (; - I) s",I .. l i"lls 1H1·...~lill~ il
clllr ll'd lin the nn l\'rinp; IIr p ussiMc' s<,lulill n s l t illp;s IIllcl,·t I '. ' 1'I 1 i~ pt .. I·...lllh· is ill
Theorem 30 Gil'(/I Q /wnMrm II ill I··~t 1//111 ., ludy" "''';III. ' i"" ",~/I ,.j" ,q I' ""
bil ln ry tllri.,g.•, I /' , proM, ,,, "f n /l" I" ,JjIl9 Ifll ' £'1/, flJ'ljff", ' .~lIf"liI ", /fill/' I ' I ' fi.,.,/II
i ,,,. fQ/fff.r nf ll iff ill Fp tH' .
P r o or: ~ !l",Iir~' NT M N ill t ill" p n ..·....li ll,f; I,r" ..r I.. lick,' " ... ."ltIi t j" 'h'! ill!' u l
a h illllr)' IItring g and I'ru <lUrI '!t 1I11 1y tIIUM' S<lllltiuult '" Slid , l ila t n' ~ lI lIlIIl" r
o rdl'rlllll: P. I'rc," r rnlluwlt by ullS1'r v i ll,l!; t hnl, ItI\ NI\ (N.I'.x.y ) = S I'A N ( N '( ~ ,)'lI
a nd that S PIlUP ~ /.' /, '1 '[11 !ly Curllllllr)' I!l. I
C orollary 31 All IJlty/og,.,n l;r ill! " n ln " IIIi lllff/."",.I , !Ii", 11- 1'0,.1, fllIIl .l/i,', /I. /i/llil
n n ll/rroli" " pm£lrml< rrn llli"rJ ;/I 11,;.• /1"1<;,, ,m- ;/I P I''' ' .
t hAt . (or a J>mMelll X , Sr l\N·X E F p IiNIIA' -X i. I ' . 111l'IIIIIlWr., tiuu 1" ,,1,1"111 ,·itll
I){' t.'a~l('r t hltll ils asslld ...I,..1 Sr'iI ' lIIi ll~ I' " ,I.I" II ' .
4 .6 Random Gen erat ion Functions
T ho ugh tlll-'re are lIlany pa lN'rs Ill' t ill' rltlll lll lll 1;'·' lt' r tilll l ur I'iltl k lila r tYll1.,. IIr
grapI1!.l;cllcral ranllo llt' l;c llI'r iitilln p rohll'll1S l' iI.\'I· 1 ·11 r"rtI' lIhltl..[ au,1 ~ 1",1iI..1
liS 11 r1m;.~ on ly ill (.JVVx/;I. T Ill' TI'Sll!lSof the previous sec tio n suggest lhal ran -
IIOH1.1\1·IIl·rllt.iuli Ilroh ll'tIIs il ft l ill "'UP# "; however, .le rrum, Valia nt, and Vazira ni
II l1vI' .l\iVl'Il il IJrun· d llTl· u[ r-otnplcxity fo'IU·r.~ which lI SI'SStock mcycr's Fp!:~ np-
I'lUxillllltiun I>l1WI'i lllTl'[,Jr Iune tious ill #1'(sec Sect ion $.6) to generate out puts
ur li ll y N" MY, lIl ilf·lli ul ' il l. rilJUlorn under a uniform distr ibution. Rcrallthat all
NI' '1IU'O' nUl hI' sill1ulilLI'11 hy fillappropriate E~ query.
Co ro llary 32 JIl l /lh y!o,qnu'f i r ilJfn'C/lcr0fll jlll a l-co,~I , givCI/.co.<d, lind gilJcll. /imi l
As uny riludUI1l,p;I'IIl'm tiuti fllnd iou is a lso a solution function, t he lower bounds
un !.Ill' fllIllpll·xit it·s of ~(Jlllti(JlI fuue tions givcll in Seclion 4.3 also apply to
filll(11 111l.gt'1It'ratiu ll functions .
'1'11':<1 ' Tf'snlts 1111\'(' all ir revocably academic flavor because they depend a ll
i ll' (,('~S IIIil SHlIrn' or trulyra ndo m hits. Though il is impossible to uhta in random
hils h}' purely ilTithl1wtiral methods , there arc techniques for genera t ing near
r1l1Hlnlll hit, sl'q llt' lIn'~ and for expanding rand om ~sf.'Cd~ seq uen ces into longer
r il ll (!HIIi S1'( l ll l ·lIrc~. The interested reader is referred to ILV90b , Section II for an
iut rodurtlon to ltlilt hl'matical definitions of randomness, and [Riv90, Section iJ
fur 11 ~ lll lll ll il r~' iJf 1Ill' l lulI !ll fo r gl'IlI'r at ing rand om seque nces.
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O p ti mal-Cost
(:in'n.CIII,tlIIWl'1l\ lt cd Wri~hh" (;i\'I·u· !.imil
Decision NI'-rollll'le'II'
Evaluation /'P' . .(: PI' -hard]
Solution F~i -hard, 1'"' IWo'r l)' F /) ' ... . ·IIUII.
E NPlIIv' 0 F pNI' E N I 'M I '~
":'p anning E Span N 1',\11' 0 FI" ) E S p;lI1l'
Enumerat ion E 1-'/'
Random E F UI· ...
G e nerat ion
Ta.ble 20: Com put a t ional fom pll'xili losuf Il h)' ], )~I 'I1I, t k illfl'tt' IIl'l' flllld ,iulls,
t Mosl weigh tl'd distanc e ma.t.rix nt.t illli:I'Valllltliuli l.ru l>l l ·m~ ure- only I'l1C11VII tu
he properly FpNI'IO (In~ ~)l.h aTl l (lIN' Corollary :lH),
4.7 Sum mary
All complexit y relulh oh ta.inc d in this S1'("tion fur I'hy ltl~, ' r ...lk in fl' I"t'Un' llrul,II'rnli
are given in Tahle:ro, Optimal' lnI l so lutiun 11",1.11'111 11 a rl' l'tlIVill.ly hllr. I"r lll;1lt
th e correspo ndiog given-cost and glvc n-li mitIlCHntiolllltnl ,I''1ns IM,,(-iI1'N:' U r tl ... Ni '
que r ies Alowed 10 oilli mal-cos t prolJlrll\ s. " "wl'vt"" t bill di lft,t!' l1"" S1'1'U1!1 ttl dls -
app ea r for 1110"' 00111,,11"%V!'rHio ll1lof t lll'lll' pru hll'IIIS. '1'1'"111;11 tl.i!<tlirf"WIII'I' IIIAy
[ect u ro that fo r problems more complex than f:fIlIlJlllli llP;.'ltlllll iu ll 'l, IIJltillliLl-m.'l1
prob lems a re easier than thei r correspo nding giVI'II-Wlil lilld Ai vl ~ Il. l i lll i l [In.h ll'IIIS.
Sol ut ion pr oblems at e of g r.!atpst iu tl 'rl'.'ll. ltl l.i tlltlAj ~ l s , a ~ 1I If'S( ~ [J r"I.I (~lrI~ M' ~
concerned wit h the t rees that t!rnliC (!vollltiu llary IIYI'lIl l1l'S!'!I, ~' tl rc~ lv"r , llll'y
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l,rp ti ll' onl y l.ru l.ll' lJIs ,lIat IJllVl ' ber-n invc:"~t i~atcd in the literature, a lbeit h)'
l l "~Sl 'ss i u~ I'ilrl i' :lllilr a l,C!;urit llllls solving t l11'Sf' prohl l'llls [LP8.'i. Pl a89]. Several of
tlw ul,lll'r Ilrol.km s t reated .lImvl· also have hiologicll l application s. For instance,
S11iUl lli1l1!: fl'Slllt s I;ivl' luwcr houn ds 011 the run ning t ime of branch-an d-boun d
.dglJri1.hllls tl l!lt solVl' ti ll' mrn's]Hlll(l ing solution problems [St085 , Va179aJ. Also,
li S r-..rh phylugf'IIY lnrorporatr-s a lliffcrcnt hyplll,hl'Sis of character change, all
1,IUJ1lt phylu,c;Plly l-y it pilrtirll lar <lata s"t [~1ad9 1 . l\WS92). which could be Ilone
hy " IIII1lll'm1.ill~ all ph)' log"lli(·s.
TI ll' rr-sults givr-n ill th is section do not dire ctly put uppe r or lower bounds
un lilt" linw mmplt'xitil's of algoritllltls solving these problem s; ill presen t, it is
olily knuwll tha t. UWSI' problems, hy virtue of being in F PS PACE . can he solved
in "XI'IJlll'lltia l li lllt'. llowcvcr , tIll'S(' results <10 give the relative hatdueescs of
I.lws,' !,mh l"ll1s. 1\ud ma y SUM "s t guidelines for al gorith m designers about which
1lI'pl"O'lfln':<may not useful for solving these problems.
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5 The Approximability of Phylogene t ic Infer-
ence Functions
The results ill jll't' viol1s sections Sllgg('.~t th at pclyuotulnl-t.ittu- ulgurhluus provid-
ing cxect .~ o' ll l i u llS for pilylu,ll;l'lll· tic' inrl'fl'Ur!' IJl ll i lllill .n ,sll'r" l ,klll'l prulOl ll.ly ,I"
not exist . However, fast algori t l ll n.~ nmy t'xisl if nlll ' is \\'ill ill~ t il st'l.I,!1' rur il fl Pro.~ ­
imatc solut ions whose ('os t is with in SOl1l!' !ix\ ',l iun-rvn!or I ' l l,io of l.lu' opl.iltlOl
coot. In this sect ion, I will derive :;1111\\' limits Ull 1.111' l.ypt'S uf a ppw xilHill,io llS
tha t a rc available to phylogenel ic inferc' Il<'l' prnblt' llls.
5.1 Ty pes of A pp roxi mability
This sect ion gives I\. hrid overview"ftype's or upproxlmat.ion i11 l1.urill lllls i lll.1 .~Oll l l ·
class-base d appr oaches to proving 1I111l vnrinux of t.Il!':;.I' il P lm " ~ i ll1 a l i,,t1 s <"IllII,,, l
cxlst for II. given problem, For iIHII'pll . rovlcws of tupic s ill li ds s''f'l i'' lI, S!'f'
IBJY89, GJ79, HS78, Mo1921,
Given a problem X , all inslall ce I of X , ilil'] ;UIIlJlI'fllXinlilli,," ;IIAol'itllll Ax
for X , let OPl'x(/) he the cost of l lll' op t im;,l SOlllliflll fur I , Ax(l ) 1", HI<' n ,sl.
of the solution for 1 f01l11d hy A x , alld MAX x ( /) Ill' tIll' l a r~(!N 1. (,f til<'"',sh "f
all solut ions of l : furt her, let Y = (J/''I'x(l ) i f X is il llliuimil>:i1t i"l1 prol,I"IH, 1111,1
Y = Ax(l ) if X is a maximi za t ion pmbh-m. There IIrt~ sl'vl' : a llJ1"f~~lIrl ~s "f tile
qllality of an approxhn ation [OM!JO, I' , HI:
!O!J
• A/m,{'lf r' I~,.mr Mrru",v: 'I~ II) = IOPTx(/) - Ax l/ )1
'1'111' llitfNt'llt Y art' .tpplit'il 1.11 map the error-measure values for mlulmlaatlon
.ttl.1 I1 Il\xilllizat ioll ].rohlf'lIls into lht~ sau l(' interval, namely [0, + (0) , for easier
. ·,mI IJll r i~ m {<:.J7!}, 1'. 1:J1l1. Then- uru sl'v('ral tYIJI's of approximat ion algori thms
t!,'lirll'tllJy V1Lriolls IlUlllllls 011 llu~ quality of the rcsultlug approximations:
\. Allsolllt.t' (A.I. lit iVt') Appro xima tion
• IOI ' 'I'x ( /) - Ax(l)I ,; !l111I
./ l'o lynum ial-T ill1/' Approx ima tion Schemes
• l'olynomi al-T'ime ApproximAtion Scheme (PTAS):
For a!l J.: > 0, there exists an algorit hm Ax such that IOPTx(l) -
IIx(l ll :5 t v and lilt' runt ime of Ax is polynom ial ill III fer each k.
• Fully Polynomial-Tim!' Approximation Scheme (FPTAS):
Fo r all ~. > 0, tlu-ro exis ts an algorithm Ax such tl illt jOPTx (l) -
11 .\" (1)1::; tv and the runt ime of Ax is polyn omia l ill III and t.
Th., 'LI~tJrit hll1 Ax rlln hi' eit her a sillglc algor ithm (lIlIiform PTAS) or a
ral11 ;ly of algorithm s ( l/o/l-lIl1i/01'/II fJTA.'J).
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3, Rela tive ( Jl.l lIlt ip lil"al.iw·) A p p ruxi l1\1ll inll
• IOPT,,(l ) - AxU )I :5 CY , f' > 0
In the following, "a po ly nom ial- t illl <'nlgoeitlun wit h a rt,ll1t.i\'c' [au llhs,,]nk) ap-
proxim at io n c" will hI' nh h rl'vial.l'lll1S "a rc'lati\"!' (illl 11 hsolllli') ;1I' pro xi lllllli" n I '~ ,
using di rrc n 'nl er ror tucaxuros IIr imll lyi 1\~ asym pllltk w UlI'r thuulIhsll]l1lt· I'nlll
hou nds, One such vari ant (Indeed, till"nrs l. [.1011 7'1] i\ llt1llr<'fI'rrc'd \llll.al illn) re'p-
resents relative approxhuatioua a.~ str llight forwa n l ra t ios rff.t¥In ( m illi l1li1.i1t.iull
p roble ms ) and~ ( max im izat.iou prt1hl" IIIS). As SUIll!' of 1.111'1'11' IIt·nuil,ioIiS
arc not cqll ivatc'nt an d it is not a lways d" 1l1' which tlc·linit.iull is I",i n", II .", ~I , 1I1l'
reade r mu s t exe rcise caut ion iu comparing Tt'!lult s frorn tlilf"n'IILSOIITC'C'S, III t his
thes is, all app rox imahility ,Icnnit iolls aml n·.~ll l ls will I,,· p lm tSl·d 1I .~ a huvt· ill
ter ms of t he ahsclute error measu re bl~'aus(1 ( I) th i ,~ 1I 11'1 1.~ ll n · lIui fit·s t ht· l hn 'l'
types of a p proximation a lgor it hms ,k'srri!)('11abov e, aml (2) th i,~ lIl " II,~ll rl' is tilt'
formu lati on of cho ice in t he proo f tedllli'IUI's (ALMSS!12, l\rd iX, I' Y!JI] IISI"! ill
t his section.
Tradit ionally, th e theory of app roxhnatl on algor iLflllls has 11'('11 <:fJ1lf"t~rrll' d
wi th proo fs t ha t ce rt ain ty pes o f app roxim ability llill uut I'xisl fllr pa rl it:ld llr
p rob lems, wit h app roximation -pre servlng re d lld illns, a u,l with r ll ~:"S S i, ry illill Sllf-
ficicnt con d it ion s for th e exist ence of va rious aP flf/lxill l1Ltic!IIalg uti thtus for !l ~ i Vl ~ u
prob lem; sec IBJY89, IIS78 , G.l79 , Mllt92] fOT 11.review uf t l. is work . W il lii" l,h, '
II I
1;1.~1, f/lllr yl'ars, two a pPTIJadll 'S have f'ml'r1;1'l1 that lire based on hierarchies of
il l 'l m,xilll ,,"il ;tyd'l.~sl's:
I. '1'/1/ AI!lmiiflm it, Al/I'mr illlnbilily /li f l'fll'chy {CP91, OM90j: Define the class
NI'O of all NI' opt illli:wtiu n prohlems, IIl1d its subclasses PP TAS, PTAS,
IIIlII APX l'lmsis t i ll~ (If all l,rohlel11s tha1 hav(' PPTAS, PTAS, and rcla-
tivr-ill'l, n,ximat iull al~()rill ints, respectively. Drpoucn and Manni!a [OM!JOj
llt'lilll'll Nl' O, lIllll St.(lWl~1 1 that several pr oble ms arc NPO-COlllplctc lin-
.I.'r II rl'!a1.iVl'-iII'I'TlIxil11l1tillll IITt'Scrving reduc tion. Crcccna i andPancoucsi
[CI'!J1J .ldilll'li FI'T AS, PTAS, a mi APX, and gave artificial problems lhat
i ln' f llmpldl' for PTAS all1l APX. It is known that FPTAS c PT AS c
tl /' X c NI'() lmlcs5P = Nil {ep!!l, Tlu-crem 6J, and that a problem that
is him] for a particula r class ranuct have an approximation algor ith m from
a lowerd;L~S unless P = NP.
2. 'I'll f l,n.l!iral.F'tH'/11 Appmximnbilit y llirm rchy {I\'T90, I\'T91, PR90, P Y91}:
TIll' .11J!;ori tlullir aplJruarh 10 defining approxlm ability docs not give in-
si~hl lnto why prolJ ll' l1I ~ an' app roxuuable IDJY89, p. 220); moreover , it
;s II\lt ck-nr how om' ddill t'll a notion of "approx imate computation" , let
"lUlU'd llsl<\'Suf such cumpulalio ll8, using t he Turing Maehinc encoding of
pruhlt'l1ls [PYIlI, p. ,12(ij, Bulldiug cn the work of Fagin [Fag74J, Pape dim-
itriouaml Yauuakakls IPY!Hj initiated tlw stllily or approxiruability classes
111.11 llu nut Involve rumputat icn - t hat is, classes of avproxilllaLle-prob-
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the solutions of those problems . Ala l1~' rla~"'''' It,WI' "1'1'11 1Il'Iilln i ;11 lhi!<
framework (KT90, I-\T91. PU90j; tlll l~' M,\ X NI' ;tl ill MAX SNI' will I",
described here. fagin ~ l l owNI that tIll' rI,,:<. . NI' I'IJIIM I" , fl 'P"~'lllt..1 ill
las with st ructure 3."'Vr 3y c;f!(r ,N.S) whl''''' if' i ~ .1";1I1lilil'r frl'l', C;i\""11 lhi ~
formulat ion, Pllpiltlill1ilrioll alld Yallnakakill .ld blt'll MAX NI' ;1." llll' d;I ~~
of problems whose ~tli ll tio ll ~ 111 1'1' ti ll' fllr1t11l1l1x.~II.rI 3.v ,~(.r o!"""1I1 Ulil l
is, problems whIlSt, llolliLilll1SSO sllt i ~ fy tIll' nm xhuum IlIIml..-r of ,lilf.'r.'lIl r
ra ther than all of t hem. r ll.ptlimil riCll I fl lll i Ylfllllllo,kill Ill",. dr-lim- 1l 11 101· 1 ,,~..
SNP of NP of the form 3SVJ9(r,S) ami sllhdit...... MAX SNI' IIf MAX NI',
T he formula tion of SAT, thr Imol"aTl fnrmlila liaLilllillhiliLy 1'1',,1,1"11I, iue-aeh
class is given in TAbl('l1 21 and -rz,
Class MAX SNP will he illllKlrtilllt laLI'r in L1 li.'1 "'diulI, 1\.'1 will L11C' f"lIlIwill;
reduci bility,
Defini t ion 33 ((P Y91], p. 427) I.cl ll lIml ll ' b" hlft f1/,fim;z lIl i flll (", rul wlzu_
ti on or minimizai iou] prtlbJr",~ , W" .•" yllllll lll"'''' 'f lll rA~ I" II' (11::1. 11') il ll" IT
arctwo pQfYllfJmial-t im r alg"rifhrus l. s fJ/uJf"Ol~~t(ml.~ n,lI> {J 111/"" tluillm' (fld,
instance I DIn :
(Ll) Algori tllm J producc, an i,u la'icc t' = I f1) "/ 11', Ilu,.h tJlDl flu; "lllilllfl ,.1
I and1', OPT(! ) andO PT(!'), 1'"Cllprdi11Cly , .~lI li..lyOI 'T(!', s «ot-ru ,
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SAT E NP
In st ance : Buolc'an formula .5 in conjull ctive norma l form i.c. clause s rom posod
of vat;;tblc's linked by disjuuctioua (logical OR), which arc linked by con-
jUlletiulIs (llJp;irill AND).
Form u ln: 3T'v'd.l'[{/J(r,J)A:r E '1')V (N(c,.r.) A .....(:r E T))],
wln-n- " and N encode the inst ance .5 (P(c,;r.) means th at var iable x
Hllp l';l l"S 1lI1 ll('ga h' d ill clause c of Si N(c, x) me a ns th at variable r
apJlI'ars IlI'ga1c(1 in dallS!' c of S) and T is th e set of t ru e va riab les
eurr l's llCIlll ling t il a pal'tir ul11.r assigu1l\e nl for S.
MAX SAT E MAX N P
Ins t ance : Boolt' il.ll formu la S ill conjun ctive norma l form .
Formu la : lllaX'r I{rI3;r({P(c,x) tvr E T) V (Nrc,r ) 1\ .....(.r E T ))]}]
wlll'rt· I ' , N, ;lll t! T arc as {l{' ~ n ('d for SAT.
'I'"hlt' :!I: Fonnulaticus of SAT in first-order logic (adapted from [KT90, PV9\J).
11-1
3SAT e SNP
In etan cer !Joolf'an formula S ill f'Ullj Ull ct h 'I' Hum MI Iornr, ill whje-h "llI'li 0'1,111.,,·
has Il.tmost :1mr iahl, 'll.
Form ula:
3TV (r h z-z.r3) I «rltr~ ,r3}E ('o - .1'1 E 'I'V.r~ E 'I'V J;lE 'I')1\
« .l'1t.r'l.J3)E(·'1 - r . tj. 'I' V.r 2 E ·I' V J ., e '/') 1\
«rlt.r2 ,J3)Er~ - .r 1tj.1' V.t'~""' V.r~ ET} 1\
((r"r 'l .J3)EC.':t - .r1¢7' V.rl""' V.r~rtT)
WIl,'1'(' Co. Clo C'l • RIlII Ca {'1I('I1I1.' till' i ll~tlll l<"l' S (r = (r l .JI ,J;,) E ('J
means lhat \'Rr: ahlMl r l • . . • , Jj aN' m'ltll tl "ll alll i vari a l.l,." r / t l, . . . ,.1'.1
a re Ullllt'gi\lc~1 h. fl lIlIs(' C Ilr HI .....1 T i ~ ti ll' :;c·t ur t nll" \'ilrilll.I,'l'
corrcs pomllnp; t o II jlArticul ar lIS~;"ll IlJl'lIl rllr ,.....
MAX-3SAT E MAX SNP
Inst ance: Boolean Ionnula S in cUlljn uc livl' nonn ul ror1l1, ill whid l l 'll dl d~l1ISl '
has at most :1variahles .
Form ula:
mll.XT l{(.rItZ'l'Z ;,)! ( « .rio.rl ,.l';I) E (:0 - .t'l E T v J I E T v .1'.1 E '1') f,
«Z ., 12,Z.,) E ( ,'1 _ .t"l rt T V.I'2 E rv », « T ) A
((.rhZ" Z3)EC.',- .l'lrt 'l' V.rl!/.'I' V.r ;,E'I' ) fI
((r" Z2,Z;I) E(..3 - r . rt'l' V .rl ¢T V .rl rf.'I' ) Ill,
T~ltle 22: Foemulatlons or SAT 111 flrst-c rder III~ ic (n ml'.1 rrul!l 'I'1l1,f!· '.J I).
us
(L2) (,'i111/1 (my " obl/i,m of I ' mil" I '(MI (1, al.fJQrilfHII 9 /Imduu.. a solution of I
millt 1'(1.,1 I: "'Ill''' thaI lr.- 01' 7'( /)15 /lld- OPT (I ' )I.
L-n·,l urii, llily is d <ls"ly related to most of the other defined approx imatio n-
J lI" l 's('r vi ll~ n·,hll'il, ili ti (·s [GP!J1, O~1!JOI; indeed, a constrained Lcreducibility ap-
I'lk iilllr' 1,0 pnir. (If muxitnization or minimization problems was defined lude-
IJl·I1,I,·ul.ly by II. Sim ol1 [S ill1 l1~!JJ, Following Simon, I' =ofi will be called the
('I'/HI/I.,i,lll or a given !.-rt,(lud ioll.
Lem ma 34 ([PY91 ]. P ropositi on I ) IJ"1Y:dudiolU compo.",
Lem ma 35 ([PY91], Proposition 2) If 11 51. n' with f.lPIl1lsioll r. lIud 11'
'HI,~ " n-[",iv . nplJl'Ol'imnlioli I, lI,w n !la.' a rdlltivf npPl'Ql'imafi01I re,
Co rollary 36 If II $1. II' 1I';(h tJ'ptlll.,io/ll', and " Flhas a relalivrapprorimlltioll
r-" => X . IIIrll MIl' IIf1,'II rrllllil'f tlllTJrorim ation; M=> X .
NIII., l llHt n-strlctlou n' c!urtill1\s are tr ivial L-reduct iolls in which a = (J =I.
Twn following tw o theo rem s give houn ds 01' ap prox imahili ty using th e rela -
tiollShilJSmnol1gr1a.'1SI'S ill the function and language bounded NP query hicrar-
T he orem 37 ([WagK,89), Corollat' y 16) No cvall,atiall problem A such that
1111" l ·m'n".~po" di Il9 d("('i,~ion pro blrm A""" i.r. "I.~ OP TA{ X) vdd,?M, is pNP{O(losnll.
1mI'd run har'r IlII lIbso{1I1r aptlrorimatioll::; O(loglI) lmlcss P H =0~ .
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T heor em 3S ([Kre BS]. T heorem 4.3) For rray Opl/ '!f(IIl j·l l<l rJ 'f"<I'., d;11I1
proMr",. !( ,,) ;.• 1-I/Inolh ,,"tf ! (II) E 0 (1"1:" ) ' Ih!"n - , r ;.•t» ?: II ..n/. 11'111 , n ry
116!mllllr "I'p /'or ;mfl/iotl mll..1 ha lV ralur- ~ ~:!f(.· 1 i l/fi ll i l llJl "ft'" .
T It{" proofs of each of t ilt'll(' t lll'lItt '111 l<non- t ll;11 an al,,<uh lll' it l l l ' r,,~ i l lw l iull ;11·
gorit hm red uces till' T/U1W ' in whirh 1111'I"IIs l of lIlt' ,,!,liUl,,1 l<u llltiull li' ·N. Hu,1
th ",t '" ltumci {'nt ly «'1ll1n·d ra ngl' ma)' I", !'t·;lr.-!wcl with f,·wl·j. NI' ' Ilwrit'" lI';lII ar.·
required to soh"\' th{' ('valuatio n I'rubl "I1l. KTt'IIIl,I' lt t ln-on-m will i,,· 11...:..-1 ill till'
rollowill~ 5CCt ion~. This tl ll'tl tt' 1lI i11lpli('l\ almu!<t all kllllwll rtlnnn·l ~ " I!< lu-t"·n '/1
l\11I'roxill1l\h il ity l\lltl thr (un ct ion hlllllll l•..-1 NI' ' ll l . ·t )' l.i, ·ra ...· I I~·.
5.2 Ab solute Approximability
T here arc many d cgant proo fs wllid l show 1I11lt a!.s"IIlI.,· " llpmx i lHlIli" llli .Iu Il"l
exist fur pa r ti r ular problem s [G.!7!.1, IISiH, WW Hli], IIl1wf·vr·r. !!.wh t"!!lIll!! n Ul
also Ix- ll('rived for dl\.'1_ of proh l''1I1!! .
Theorem 39 The !oflovring haltf:
I. No OplP/cloglogrl +O( I)j./rlJrd ' "IUI Ila/illll IJrobltlll NUl 11II nt" IHI a".~alll1f
appro:rimflt io/l c ~ o( log II) Il.Idc.~R P =NIl.
e. No OptP/O(log ll)j. hal"d cvalltali tJII plVJblcm /"111 /in ll ,. fl U d ' M!lll/o: (1IJllrfui.
maliOIlc:S o{poly) u"lrJl..~ P = N P.
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tt. Nf' F J'17"·/umJ f;Ilfllllfilinfl problrm mn !lnll,. fur alJ.~o/lllr nppro.r imalio/l c :5
O(lHJ1y) III1IrM If = Nil fwd fr -m!' = tYP.
[ . NfJ (),J1J"f '0I1I/I{dr' r!1f1lufllioll praMI'm ra il Ilfw e all aLsollde apPl'orimatioll
f· $ OCl/l,l .,/) Iwln'", 1' = N/'.
P roo f:
I'lVJOf.. fJ! (I !!): Fotluws from Theorem aB.
l im o! 11/ (:1): Fulluws frolll !St·I!U,T IH'ort'1Il 12] and (Scl91, Corollary 4(ii)].
1'l1m! flf ( I): follows from II, n 'MH, Theorem 4.1].
Co ro !lRry 4 0 1'1.1' !(lUow;lI.q Iwffl:
I . No t'lHlIlld,. rrolllpnlibili!y, IlIIwrightrdphylogfllrtic IJflr,~;IIl(my, orllflll1r iglll.
HI I/i.-fallr" ·mal ri.r fillil/9 ol'lima/-ro$1 .~Ollliioll problem er am ined in II/i$
Ih.·..i.. !la.../1/1 flbso{u/r a"/JI'(Jrimali(J/I c :5o(l'0ly) lJll/r.~ P = NP,
~. No wri!/Merl phylo,qrllrlir {JUI·,.ill/oIlY optimal-cost solution probleme,famined
ill lhi... thr.•i...ko.. fill Ilb'''olll/ r alJprorimalion c :5 O{poly ) unless R = NP
/III/{ !'= {·h,p.
;/ , Nil/If' IIf .'j()f..M IN.FUfI111·i }. SOL·MIN·FUUTfF
"
~}, or
SOl.·,\IIN·f/l(,"''f?} henc nil ab.•o/ul e Ilpprorimatioll C ~ 0hlOly) unl ess R
=NI' alld I' = Fnl1P.
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.(. Nonr o! SO L•.H!i\'.FUDl'{Fd . ....oi. . .II1X.,. ·FIl ·/'[FJ. SOI,-.\II.\'-I·'F I'T("'1)'
SOL.;\fII\ '. pt I1J7Yf;j. rJI ' SOf••.1I/,V-Fl I/:'J'{I'2. ?J !/fI,'. en Ir l,.~l>f,,11' 1I/'I,nlr-
unotion (':5 v(IlI J/y) III1'n'.~ I ' "" NI' .
Note t ha t U'll u[ts 2 aml :1 in ( 'o roll,ll'".10 {',HI ills" II<'dni\'p,I llHill~ rlu- piul,laloil
ity of tilt' ,lsso("jall'd cvaluatiou pmhll'lIls .11 11 1 lht'UH' IIl .s Irom [ N i~j'!i l (Sl~ ' al sol
(WW86. St't'lion 9.1.2.11J·
5 .3 Full y Po lynomial and Po lynom ia l T im e Apprnxima-
t ion Schemes
Cons ide r fully polynom ial ti nw ItJlp roXi1l1ilt illll sd ll'lI11's. C;art')' 11111 1 .Juhu s" l1
derived sufficient couditions for VPTAS 110lHlilIlTllxillln ll ili ly us i ll ~ t ill' llutiUI1
complete if it has an NP-rompll'lc sllhllrohl"1II ill whirh nil 1lll1ll 1ll'fS art' hU lllldl ,,1
by some polynomial of the i ll stall rt~ 11'lIglh [GJ7!J, p. Wi]. Ncosu l"t.i" " prul.ll'lll
whose corresponding decision problem is strungly NI'-l~u lll p ll ol.l· allli wlIlJSl ' "I"
t ima l cost is polynornlalty bounded call haw lUI FI' TAS 1I1l 11'l; ,~ I' =NI' [C:.J7!J,
Th eorem 6.8 and Corollary]. These comlitiollsare sat isfil'c[by all Illlwl·ip;lIll 'tl phy-
[agenetic inference opt ima l-cost solut ion problemsl ~xal l1i lll 'll ill t.hisll ll's;s. (: lIrl'Y
and Johnson also defined pseudo-polynomia l reducliulIs, which prl'.~I ·rVI~ st roup;
Np-complcteness [GJ79, p. 1011. Tile reader ra il verify that /tilm llld iclIIs p;iw lI
in Section 3.2 from unweighted to wd ghled prnhlums are also PSI~lIt l "-]JIlIY ll{jlJl i al
"9
rI',hlf"tiulISj III'IWI~ , illI w"iglill'l! 111'r: jsiull problems examined in thi s thes is a re also
s t ru ll~ l y NI'· m lllpl l'l e. T III!SI' ~ilIllI' H'dlldiCJII~ also map iutn s ub pro blems of the
solutiull pruhl.·lIls ror rl's pllllliing 1.1) t hl'~I' weighted problem s whose op timal costs
il n ' IJOIYlllJlrlially 1''' lInd.·,!.
T heorem 41 Nt> flJiylfl!lf/ldir~ illf( TflH'f (Jpfimul-ro.~1 sotutian ]J/'Oblcm emmincd
;/1 llii._1/'"._;._ fHI._ Oil FI"I'I1,'" 1//dr.~.~ I' = NI'.
( ~un si.I.'r p" lyll ull1ia l thnc nppr cxlmatlon sehemos. The tr adit lonul app roach
til PTAS ucu-apprcxiruubility involves proving tha t th e given problem can not
hilVt, .1 H,li, t ill.· ilJlllrtJximntio ll r, C > 0 unless r = NP [11578, GJ79, WW86].
Slid, prou fll tYl'kally .1.'riVl' nmtra.lidiulls by u ~ i llg po lyno mial- t ime gra ph ex-
Pil ll ~i ullS ttl "l1 l11 p l i ry~ relative ap pro ximation a lgorithms such t hat cost-r estric ted
NI'.nJlllpll'll· subprohlems ea ll 1)(1 solve d in polynomial time, However , few
pruhlpllls haw tilt' fllst· rl'1l.rkl t'd N p-complc tc s ubpr oblems required by thi s ap-
I,mill'li. A ilion' widely-applica ble tec hnique has recentl y emerged from the st udy
of lnu-raruvr- proof sys l('1!Is(S l' 'I:' [.Ioh921 for an insightful review of the resu lts de-
sqilll'd 1ll'low), In wha t was in itially th ought to be an isolated res ult , Feige ct
a]. [FGLSS!)I] shO\\'l'l1 1I1a t 110 constant relative approxima t ion c, c > 0 exists
rur SOI.-1'.IA X-(~LIQUE unless NP c DTIME(lIlollop ). This result has beer.
dramutienlly improvedby Arora ot al. (ALMSS92J:
Theorem 42 ([ALMSS92], T heorem 3) If there is a PTAS lo r SOL-MAX-
:/8..1'1'IIIr" ! } = NP.
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T his result is significant because SOI.· ~ I AX·;tSAT is ruml' !I'lI' fur MAX SNI'
!P Y!)(, 'Theorem 2]. end many problcills run I", 1<IIUW lI ~IAX SNI'· lmrd \'ii ' 1,-
reductions,
T heor em 4 3 (P ro pos it ion 2, [ALMSS 921) nll' l~' non' 111 1 f')'i.~l II /' 'I'Mi fill'
allY MAX SNP-harrl /IM blflll unless p:::: 11'1'.
Several MAX SNP-hard problems of pnrt.ir-ulnr- ilttc'fl 'sl M C':
• SOL-MIN-STEINERTREE IN GHAI'IIS [IWH!J,T ltmre 'lll 'I.~ I ,
• SOL·MIN·VERTEX COVER·B, ill whirl! l ', (f lt VPttl 'x 111 t ill' p;h' I'1l ~rilpl t
has degr ee ::: B, and SO L-M I N- VlmT I~X COVEll [I'Y!II , 'I' l n'l! l"I 'H1 ~(, I ) I ,
• SOL-MAX-CLIQUE[CFS91, Theo rem 61, lU lI l
• SOL-MAX-X3C-B, in which each c11'11tI'lIl In t l ll~ ~ i vI ,tl sd CWf llrs in :S IJ
3-sets, and SOL-MAX-XaC [Kanul , Curollary 4J,
Using these prob lem s, it is pos sihl e to show many flf LIte, l,ruh ll'lIls , ~xa ll1i l wd ill
this t hesis to be MAX SNP· hard. In ti ll! following, tle/inl! /I l '(m im ii'''{ ,w/lllillll fur
a problem X as a solu tion to an iuatanco of X prmlllfClI hy t ill' rl,oI11d iul1s lti\lf'll
in Section a.2, c.g. t he canonical tr ees for FU<:T(;::].
Lemma 44 Thc following hold:
1. Gi vell a solution W o[ cost r: t" 1111 i7l,~l fHlCC 11/ SO/..· MIN· /I /JC'( ;.'j fir ,"iO/,-
M/N.UBQ CS dcrived by the rcdu.r:liml from V8/f/'/;'X covell !Jivw i ll
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[IUSHfi] (,~. , 7'qMr .9), i ll l'olyumnial liw ", 1I1r CUll fi lla a r llflollirlll ,~ olu l ioll
W' wil/' I '(J ,~ I (! =5c.
_. f{ilw/I II .~(J llJliml IV of f:" ,'/C I f) nn ill..l rlllCCof SO/.,·A1fN-UBCDo or SOL -
MIN -IIU(J 1JfJ Ih ri vrd by Iflr 1'f1llU'/i rJII [nnn VERTEX CO VEll giVfll ill
[1).J,""H/i] (i<l t' '!'rI M,. ,9), in ,mlYIlollliallim r IN' 1'1111filld a CallQllir al ..olution
W' 11';/11 ('",~ /(I =5r.
..t. W nw (I ,~"/ lI l i" lI IV of NJ,' / r: I" fill ill,d anr e "f SOL-M IN -U BCGI or SOL-
MIN-m Ul Cf dn'illffl by l/if ITallc/ioli fro m j/EllTEX CO VER givell ill
[OSH7) (Mr Tnblr: 10), ill jwlYllomia/ time wr cnn fi/ld a ennonical sotu-
fillll IV' wilh f'(J~1 Ii :5e .
~, Gi!lf ll II ,wlftliml W "f {~(I.~/ C /0 all in.•tnnce of SOL·,.,IN-FBUT2[Ftl de·
riw-d hil Iltr Iv,drldion fm lll X:1C givrll ill {1\'M86] (Sec Table 17), ill jwly-
IlfIlI/inllilllr wt' f'Rllfilld a cenonicalsolutiou Ilfl wi/IIrost d=:;c.
,'i. ( ,'ir'f'll II ~o '"l iml IV of cost t: 10 all instance of SOL-AJlN-FllD1¥F,,) (o: E
{1.~}) (/"";"fll by 1/,('rrd ll "' io /l ,~from F:Jll T2[o:] git'ell ill [Da IJ87] (ser Tahir
17). ill JI"IYII(l/lIin/ tua« /fie ('all jilld a ral/onieal so /ldia/l lV ' of eo.o! t! =:; c.
P roof:
1'l'lliIf of ( I): lf r > 11.\'J. then n'placc IV by the tree W' in which each memb er
ur ". E X•.J' = {l'i, l'j} i~ connecte d to 0 by edges {{v"Vj} , {v;}} and {{v;] ,O};
I,hi s !m' ls t"llltu llicll i . and has rust t! < c. Otherwise, create lV' by t rimming
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IV to rem ove all lea f vertires not in S . nnd 'lpplyil1gl lw l rn ' tmmfllrmatitllls ill
[OJS86, Lemm a 1J to t he leaf fa r thest fro m 0 unti l tlu- In'" is cnuoulrnl. TIU's,' tfl't'
t ra nsfo rmatio ns do not inff l.'<lSI' tn 'l' "ost ; more-over, <IS ..ad . sm'h l.nmsfurlll nl iun
removes at least.one nnn-ranonica l wrtox ilnd tl wn ' l'all hi' ;, l lllllsll'- {IX I+ I)
suc h vert ices , this algcrithm is Il(llyuo lllial l inw ,
Proofs of (2 - :l): Analogous lo l ililt fill (I ). uslug tln- trl't ' trillls f"rlllil l.iuIlS ill
(0 ,1586, T heorem ;3] (00 110) a mi [DSSi, Le.'lllllla 2 aml 'l' lwurl' lIl :1] (Ch rUllllNUIll'
Inver sion),
Proof of (4): Create W' ll.'l follows: if tlu-n-an- piu l i1.io llx thnt grull ll vI'r l.i",'!<
not connected by edg es in t ill' rn~atl ',] graph r:, tln-n break ;11 1 HII<'II pilrti1.i,," s
into pa rt it ions tha t only gro up vI'rtk.'s ('lInlll'I't !',] hy l'tl,!!;,'x in U, Fur 1'lll' lI Aruilil
of vortices corresponding to a Huhgra!, 11 ( ,',,, if 1,111 ' ~ l' "n ll'rx" (;r" ,I, .r" ;l ,. r" ,'11
a rc all includ ed in pa r tlticus of On, then Tl'pliwl' tIll' xl'!. u( pat LiI, io ll .~ fllr 1.111'
ver tices of Go'> with the (ollr t ri ll ll~l e- par l i t i(Jll s in 1'llIlitl ili1l Ii; 1'1.';(\ l'<'I,liln ' with
the t h ree tri ang le-par t iti ons ill elillat ioll 7 mill ll ll' al/prof/ rii,t l' xuhxl' lnf xiIlAI'.
vertex pa rtitions drawn from the ~et {.r,. ,h;r" ,~, J:" ,:d, TI"'~,, tmll ~f"rlllil Li(J n x c1"
not increase t he cost , as thes e t riaugle- patthions uru IJplillla ll lll. ll·r ti l<'/0'1 xta lixLi.·
(sec Section 3.2.3) ; moreover, as t1wre Rtf'lJllly 1(,'1surh ~tlJllI'~ lo tr a llsf"nn , ti ll'
a lgorithm is pol yncmial thue .
Proof of (5) : Create t ree W ' Lya pplying thl ~ L rl't~ tm nxflllluat i,,"s in {l>ayX7,
Proposition 3] to ~V to crea te a rliscrctle ed It.l d ili Vl ~ ln ~l ~ W" witl l 1111 Il I1, r~11 I1f 'tl j,-
~lIbtm' ~V,~ , all.l tll(~11 applying tl u' transformatio n in [Day87, Proposition 4) to
n~,h ..: . ~Wr: tu au 1I1t.ral!lf'l ric slllJtret~ of height 2. T hese lrans format ions do 110t
illf: rt·;~,«' t Ill' rust of tltt' t ree, and r-an 11f' per formed ill polynomialthnc.
T he o re m 45 TIu. !"llowi".'1 },oM:
I. S()f..!Il IN - Vlm'l'BX GOI'E Il-/j $ 1, SOI,,·M IN·UBCCS alld
SO/A. I IN· IIIJ(J(.'S
e. SOI,·M IN· Ve/ I1'BX COI'8/1 · {J $1, SOL-AlIN-UBCDo and
,"'OL-AlIN-U/lCJJ)o
'-J. ,Wn -MIN-VHlI1'HX COI'Bl/. -U $1. lJUW.
r SO/,· MIN· I'BR'I'BX CO VBU-B $1. SOL-M IN··Uncel and
SOL. AlfN· ifHQCI.
,~ . SOI.-AlfN· VERTBX COVIUl·B $1. SOL·M IN· UBGe.
c. SOL·MAX ·CLlqUE $ 1, SOI,-MAX·BCC.
7. SOL-MAX· lJee $ t, SOL-MAX -8 QC.
s. sot-su».venres COFER·fj $ 1. SOL-M1N-FUGTf?j.
,I. ,.,·O/,-MA'y-, \·.-IC-/I Sf., SOI,·M IN.FB UT2{FtJ,
1fJ. SOI,-M1N·PlJ( fT!![F,,) $1. SOL-ilfIN-FlJD7'{F"j [o E {l,2}).
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Proof
PI'oofof (I): Consider the reduction Irorn Fe In C8 (= IlBCCS llIrllIllHW S)
given in [DJ5861 (sec TaMt·9). As 0 1'7'\'(." ;:: IBI/B ;unl OV I'Co" $. :!Wj. 1. 11"11
ate miuimlaatlon p rob lcma, co uditlon (L:!) rn n Il\' l'1'w r iu.t'1l1l11 f'\T" '5 ( ) / 'Tl'I·, .+
(J(ccs - OPT os). For any r-anouic u! solution for UBCCS. ("W '" = t 'r ' ,~ - 1J.: j;
moreover , such II solution is g uarilnll'('d hy Par t I uf LI '1I1l111l·1·1. SI'l tiUI!; {1 = I
makes condi tion (1.2) equiv al ent to cW.·" '5 ('O!o' - I /~l 1I1'IWI'. tllis n-rhu-tiou i .~
an Lrcduetlou.
PI"oof of (fJ):Consi der tho rodnctlon from V e to Do (= 11lH:llu ;lIr,I I IIlQl>u )
given ill [D.JS86j [sec Ta ble!}). lis 0 1)'1'\'(:1/ ~ 1/£l/ IJ, O I'T /},, :f :I )\1 I + :.! lf~ l , 11 11 01
WI :51£1, t hcn OPTvo.:5 5B O/ 'T vr:" , si~lis fyi llp; rundiriou (1.1) with tt = [i ii,
Til e remainder IIf the p roof follows tllat for ( I), sll l Jstil lit ill~ t llf' al'l lrupl'i Il1.I' lliIr t
of Lemma 44 to obtai n {J= I.
Proofs of (3 - 5): The pro of for (:1) is i tll ~lI t i ral lo ( I ). 'l'he Ilwllf uf (4) is
a varia nt of t hat for (2) which uses t he r('Ilur.ti(lll givr-u in Tlll . lt ~ IIIt.u ya-kl un
Lreducticn wit h C\' =: .5IJand {1= I. li s tlrp Gew'mliz(!tl parSil1lHuy n ilc' ri"ll
can simulate a ny ordered phy logenetic parsimon y IJw hrt'lII , (!iJ nlll lll ~ pru vl"I I,y
a variant 011 any of th e proofs for ( I - 4).
Pro.'-'!s of (6 - 7): By lire rcd1lCtiollSgiven ill Ta"l e 11, solul ions t ll SOL·MAX-
BCC (SOL-MAX-BQC) yield solu tions to SOL-MAX-CI.IQlJE(SOl,·MIIX·IU:CJ
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u[ t ill' ~allW rest, Hence, t l)(~c reductions yield Lrcductions with 0 = P= 1.
l 'm ol 4 (H): 'l'be roducticn givclI ill [BPB9] which shows t he l\IAX SNP·
Il ll tlh ll' s S I!f SOL-MIN-STEINER TREE IN GRAPHS is actually from SOL-
MIN·VEBTEX (;OVEB.·B to SOL·MIN.STEINER{I,'l.), it version of SOL-MIN·
ST I~ IN I '; 1l T IU~I~ INGHAI'II S WhUSl' input is complete graphs with edge-lengths
E l l, :.!}, lIowt'vl'r, SO I.-MIN.ST EINER{I,2) is a suhproblcm of SOL-M IN·
FlJC:T [ ~ I , As ;111soluti ons til any instance of SOL-MIN-STEINER(I,2) will
sati sfy l.ht~ ' !lIlll iuall('t' condlticu, SOL·MIN-VERTEX COVER-B L reduccs to
SOI..MIN-FIIGT[?:J with (l' =2/J and p = 1.
1'f'(Jol Of f rJ): (;rJlIlIider the rcxlur-tiou from X;JCto r nUT2[F,] given in [KM86]
(s,~ ' Tilbl , ~ 17), Nute t ha t ill II B-bollllded instance of X3C , 3(8 - I) +! is the
maximummuubcr uf :)-sct/l that can share one of the values of a pa rti cular a-set.
Ill ' ill" " lilt' sl'!t'Clioll of any 3-set call prevent the selection of at most 3(8 - I)
lI!.lll'r a-Sl'ts ill C; thus, OP' l'nc" ~ ICI/(3 (B - 1)+I) , As OPT F8UT2{F',J:5 lEI,
ilIul lei = 211(:1, then O P7'FHlI1'l{F',J :5 21(:1(8 - I) + I) OPTx 3CB , satis fying
n lluliti"u (1.1) with 0 = 21(:I(lJ - I) + I ), As X3C is a m aximizat ion proble m
i1Iul FBlJ'I'2Wd is a minimization problem , condition (L2) call be rewritten as
t'n,'" ~ OP7'x :wn - P (CJ,'1l11'2Wd - OPTf"t({/1'll ~i l )' For any canonica l solution
fur FBl l'I"l.il"d. CX3('1, = (IBI - cFw nIF,I)/ ;J- :IIGI; mor eover, such a solution
i ~ guaruntrcd hy P"r t ,I of Lem ma ,1·1. Sett ing p = 1/3 makes condition (L2)
"ljuiVi\l ,'lll 1.tl 1'.\'3('" ~ (jBI- CFHIIT1[F,I)/:J - 31 GI, Hence , this red uct ion is an
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L reduct ion.
Proof of ( 10): Ccnllidt"t lilt" rnl.u·t ioll rtUlIl Fn llT".! (/·~ . l l tJ I~U Il·11 ":.1 fI E
{I,2} given in [DIl.)·SiJ {see Table Ii ). A5 O/' 1''''HI/T1f'':J = 0 /'1'101 ",.",.:'1'n llllli·
t ion (L l) is sa t isfied wit h n = I . All borh Ilruhlt'lIl !<II"' m inillli7..ilt iu n "m"I .'m.~,
condit ion (L2) call be rewri tten as ("""HT~":.J S O / '1'''' ',.,TJf'':.J+ ,'l(rw l' n ":,, -
O PT FtlDnF..I)' Forany ca nonieal eohuion 1.(1FUIJT' '':,I, r ,.'/ IIT/l'': 1= ""'111'1"11":'1+
Y.. +Zn. where Yn = 0 a mi Zn ~ 0 [Day8i , II , '16.'1]; mUf,'u\,.'r, ~ Iu-h it ~"l lI t i "lI iM
guaranteed by Pa rl ); or Lemma ·14, Srltillg fi = 1 IIwkt'S r un,lilio ll (1.2) I'(llIil"'
alent to CF/lb' T2[ F'nl S CFUDTlF..l- Ilenrr-, t hiMn '. llIl'liull is an L·rt '.lill'l;IIt1 ,
The arit hm('tic equivalence rt-'d liclilllls From FIJ1 ITW.) t" FU 1 J 'I '2I"~1 0111.1
FBUT[ F1.?:) to FHUT'1[F2,?:1given in St....tioll :1.2.:1IIrt' 1. -rt..hwt j' IllNwith n =
p=I. However, the redud'"11 rrolll l-' lmT[f ',] t t>FllnT'",) .l,.... ,w l""'tll In I.,
a n L-redudion ; thou!h co ndition ( 1.1)is sa1iNfil'f\ (o =1(0 ), rt.IIullt iun 11.2) ,1.1l'!!
not bold under a ny constant fl.
Less d ramatic hut no netheless ililr igllill,ll; PTAS llUlHtpI' mX;lIIa l. ilily r.'sulh
ca n bederived U~ i ll g Theor e m:18. A PTAS ror an Opll'lf(TlJl-n nllpldf'f'vllllmt.illll
problem X implies rhat t he rc cxis ts rur cad. c, O< r.::S: l,a" .l all illslaun: I u r X,
a polynomial-time al~or i t h lJJ A Sli d . thai C ?: IA d~~:7:ITr {l ll fIA · (I~-:;~7.d /U ) ~
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IA,df);f/!;"',l«(lll. Hy T I Itl(m~m as , there exists an c> 0 suchthat ! A K ( I);,~::"'X (l 1l :;:::
1~ ill(illil.d y Ilrlf~1l fur each such A I1 nless P :::: Nil, f or certain f t h is lower
lIul1 l1ll is a IJIJsilive-valtwd Inncticu, whidl implies that polynomial-time algo-
ritltm s fllr I:N t aili C, a ndlu-nro PTAS, do not exi st for X ,
Theo rem 47 If rl. , ,,w IJlh fllllcl irw fen ) E O( logn) tes 1lch that g( ll)::::~~. and
J~!!.g( JI) > 0 [ar aU ( > 0, '''enliO OpIP/f(n»).romplcie limblem has a PTAS
1111,,8 .. 1' = NP.
Cor o l lary 48 No OplP/r log log II +O( I))'C':'/Ilplde problemhas II P1'1181III1e.•s
1' = NI'.
Though till' relevant le vels of t he OptP hiera rchy ill these results are too low to be
uf I'U lIS t'q lll'Il I'(' ill this t hesls, these art' the first result s wh ich show that specific
llurLiUllS uf t ill' bounclod NP query hiera rchyare PTAS lio n-approximab le ,
5.4 Relative Approximability
~ ' \'l'ml ur Ull' ph ylugt'lI t'l ic infe rence p ro bkm e exam ined ill this thesis have tela-
li\'l'i1i' l'ruXilllit1.iulI.' dt 'r iwd Fromepproxhuation algurithm!!fur related problems,
!iTEINEB THEE IN a HAPIIS has a re lative ap proximation of I - 2/ILI, where
I. :S lSI is !.lit' 1I1l111!>c.'r of leave s ill tho optimal t ree (I\ M B8I]. The a lgori thm
/il1ilf1l111l't'illgthis appr o ximat ion is given in Ta ble 23. Note that t he two cruc ial
ulu'r<tl iuus ill t.his elgorlrlnu [ finding ti ll' lengt h of, an d produ ci ng, a shor test
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path between two given "(' rt iCl'll) ran I..... .10 11" ill IK)I~'''lIll1 ia l titm' 11 11i n~ ~t ;\ .. -
dard shortes t-path "Igorillmu [CLR91, So-rion :'/ii] UII Adl1l r;n't.'l'-h:r-dl~ til,·lt'r
bas is in an implicit grAph, provhk-d t ll\'rr a.rl' 110 h'!<trirt iuIIl'I on dl i\ r; u· tl'l'· ~ ln 1t'
t ra nsit ions.
Theorem 49 All 1I0l/-fTli rll l a/r Wagnr r 1..;lIult, U'1l!lllr r ( ;,'nrflli. II" J Jo'il t'/'
plt yl ogenetic pm'l'Iimo"y oplirnal-rol'll lOOluliM/ IlfT/Mr "''' (lo", i/l ...1 ill 1M.• If"";,,
have rtlalivc ap/lt'fJzi",al iol/s of I - 2/lLI.
The applica t ion or thi s I\I~ori t l llll to phylup;I'Ill'tir par!limullY p rnhl.'llI s WiI.' dis-
covered Independently by (lu sf n-ld [Gus!ll, T ll"utI'HI2,1], IlId.'!'.l, tin' lLlp;urithlll
and result ahove also apply t o t ile prolJll 'l ll or ("JIl:<~rurtilll!; llI i ll i ltl~.I-I'· ll l!;lh lr '"I'll
011 molecular k'l" 11l('l\ C('$ , illl Io n,; "''i t llf' rll ll( l i llU rOlll llllt in,r;m inima.l . ' volllti..n-
ilry change (I Jd Jiata1lcc) bcrweeu p-un or :<C"l llIl'lIfMlill a 1ll.'lri r !<:Ul'I!I:I, S,'fl i' llI
31. Unfortunately, this algorithm .1Ot.'='> lIol lil'!'1I\apl.lirahl,' tu uth.'t 1.I.y lu';' 'lll'ti ,-
parsimony problems, C\.'Ithe proof that UK'rat io A1",Vt,I l(JM~ Ilj' lWllfbiclII t hc'rxill-
tence of . pat h between ('&e h flai r of vt"rtiml i ll X i ll the- illll'lir it ,r;r/l I,I. IJ, MIIXI,
Theorem I}. All such l>Aths m ay 1I0t j'xid ill d" .lilllk "rc~ , lc ' Hl~; 1lI11n'UVl'r, it
is 1I0t obvious how a characte r-ordering amI Ilril'ullll iun r<ltlld ".' rll" sl'll r"r It
qualit ati ve problem in polyuom ialtimo lIud l t halall re111liw.1 IHd llSI'xbl( ~ l , rl ~ l
alone how such a cha ractcr-crd ceing or IJrj,'ulalitiu 1:<111 111 Ill' ' ~ lI rlJ rn ·( 1 ill sld)!;..-
quent stages orti le algori thm. S OI.-MA X-VI. IQ Ug lu,:oI H. rl'lntiv,'/tI'I,rHximatiult
of O(r.;7; ll BI-I90j which. \ly t he L-reclud ilJllIl i ll thl~ 1......1 Sld iuu . yid,l., jrl.·,.tkll l
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Algo rithm H:
In p u t : lUI 1l1l,lirecll 'd wcighkd grap h G =(V,E,d ) and a set of vertices S ~ V.
Output : n Steiner t ree, 7; " for r: and 8.
St eps :
J. Cun~t rurl tho complete undir ected weighted graph G1 = ( y',Ehdd from
a iUlI l.':.'.
~ . l-ind t Ill' min imal spa nning tree , TI , of 0 1; if there arc seve ral minimal
spallul l1S!; trees, pick all ar bit rary o ne ,
:1. Cunslr lld the eubgraph, Gs, of G fly replaci ng each edge in Tl by its
corresponding shorte st path in G; if there are several shortest paths, pick
<111ar bit rnry olle.
.1. Filill t Ill' minim al apanulng tree, Ts, of Os; if t here are seve ral mi nimal
!\IM1\lli up; trees, pir k an ar bit rary c ue.
a. C()nstmcl a Steiner tree, Til, from Ts by deletin g edges in Ts, if necessary,
:-;0 that all h-av-s in 1'/1 ar c in S.
'1'111 ,1" ~:I: 1\ pclyucmlal- tim c relative approximat ion algorithm for STEINER
THEE INGIlAPIIS (a<lalltcd from [I< MB81J)
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approx imatio ns for all character r ompaf.ihility prublrme.
Theorem 50 All d lamder rom pnlibilify nplimnf'r'm<! .~(l/ulifl/l Jl l'Il hlrm.~ ,'J IIII / -
illcd i ll 11Iill Ihr ,qill havc rrfali ,'r; approrimalio"" of()(~l.
No relat ive approximatlous nrc knownfor lillyof lIlt' di~t ll lW" matrix l iHin~ prnh-
terns exam ined in this thesis, though there are relative I l P\l rnximal.iu n ~ fur n,!;,l,'/l
clustering problems; SCI' [Uay9 ~] for a n-viowuf l J lI~ ' rt'lI11 ll.s.
Theorem 43 actually stal(>!t that ~'IAX-:lSAT l li~~ uu rt,lath'l' OIlJl ll'tlxilUllli" ll
{ for some { > °fALMSS92, Foo tnote-, p, 7]; lllll~ , hy CIlrnl1ary :m, 1I1l' I.-
reductions ill the previous Sl·etioll imply hlllllUb UI1 rl'11l.1, ivl' ,q .p ruxim;lloility " I<
well. Unfottunately, valnes of ( dl)tivt',ll" ,lat" lI1<illg llll' roustrur-t.iun ill Tlwort'lII
4:] imply only triv ial lower IJO UI\( \S [.lolI!I1. I'p. !i1!1-!l:lO]. Ol llt'r l'Sl;lIl11l,'s (ut
these bctmds may he dorlved from till' I.est known rl,lativl' iLIIPruX;l1HltiulII< on
SOL-MIN·VERTEX COVER· A and SOL-MAX -X:I(~ - H:
• SOL-MIN-VERTEX COVER-Hhax rdatiwilll lltUxilllll itlll (: ={fl.:l!i,II.:lrl,
0..50, 0.56, 0.6O,0.64,0.67 , 0.691, 0.71} fur:! ::; 11 ::;11"lI ltl ~ S 1(~I­
I for B > 11 {MS8:J] .
• SOL-MAX-X:JC-B hilSrela t ive apprcxitnatlou c :: ( II - I) , JJ :::= :I [I'WIII,
Theo rem 3].
The only nontrivial lower hound on relative IlJlpruXilll1l.1Jility ls for t lw d lllrl u'l r·t
compatib ility problems, and is based on II. tl~lI l t from \l'G1.SS!JI] liS iIllI'WW',ll ,y
Arora ct al. [ALMSS92]:
Th eorem 51 ([ ALMSS92], T heorem 5) T/icre crist.'! flll c > 0 such that , if
S01,-MAX ·CUQIJH ha«fl relati ve approx im ation ofn' , iI,en P = NP.
Corollary 52 'J'I1f :f." crisis lin c > 0 MlCh tlwl, ~(lIlIy cheracter compatibilit y
11mb/I'mr:r.llwi' l fd j " Ihi,<r Jllf:$i,~ has a relat ivc appros imclion (Jfll' . th en P = NP .
As a filial note , relati ve approx huatlo na are known for certain counting p rob-
h'IIIS. By ' Iheorcur :l.l of [StoSS] , all # P functions f( x ) have ap prox imat ions
f "rp(J) i ll f~~ such that (l - l)f..pp(x ) < f( x) < (I +l)fapp(x) for a ll polyn om i-
a ls I', Wlll'fl' f = 1/l ,(I;r!); Theore m 7.1 of [KST89] exten ds th is res u lt to Span P
pruhll'lll s . Bc,t'all t llal all NP query can he s imulate d by an appropriate I:~ q ue ry.
Theorem 53 A U Ilhlllugcncli c infetcucc opt imal-('o,~ I , gillen-cosl, and gillen limit
'~1111 'III ;1I9 l"11blrm,<r CTflf1liuf d in th is ,ho:i.<r Ilnvf " da ti ve apllrol ima t iofls of e in
I" a~ , 1I''' ' 'I "f 1 = 1/1'(111) fo l' filly [JQlylwmial".
5 .5 A pproximability by Neura l Network s
Then - ha s 11I'C' 1I 1I111c h ill tetl~L in recent ye a rs i ll computing approximate so il!'
Lions t.u opfimixa tiun problema usi ng inst.auce-specific neural networ ks [IIT85a,
1rl'~r)hJ . III IIl1'dlsc retc-timc vers ion of t his model trea ted by Bruck and Goo d-
men IBCHlO], a ne uralnetwork is des cribed by a se t of two-state nodes V, a set
u f mrs with weights II';J t hat slwcify t he influt from node i to no de j, a nd a
s l,lILt"-t'h a ugl' thresholdvalue1;-for each node . Let the sta te of node i at t .lr ne I
132
.._---- - --- -- - - - -
be V;(t) , a nd 11'\the 61tdr of till:'n et work At ti m.- I lot' tIll' VI'('tor F(I ). Al l'M II
t ime t af te r init ia.lization. th e stat es of (';\("11 vertex \~ in ""Ill \{' ~ll lll<t·t -" ~ F .. n -
u pdated by
V;(I+ 1)= { I
- I
11'1




A state V (l) is stable lf V(t ) = V{t + I). Slid. 1l1'1Wll rk~ II tl' always ~1I Im11l 1, 'C ·, 1
to get to a stable state [" (mO, pp. 130- 1:lIJ which f ottl 's llulu ls to SOl11l 'lIu ll1l.iu li
t o the ass ociated problem. Cousidcr llu' followiug rl 's l rifl, ~ l d ; I .~ N of !'ill f ll m'lI r a l
networks th a~ have symmctele wt'ight~ and llat i!lfy til " rllll11wi ll~ p1"Cl]ll'r t il'!l11i1 :!JlI.
p. 1321_
• Each stablestate corrcspoeds to all npt im al lltJlutiulIlIf t lU' I·IW'K I,..1i ll slA lIl"('
I of th e associAtedpro blen X . aUl lhat :'IUlll l iu tl ..all 1M' ,J" riVl' r1 Inun t h is
st ate in polynom ial Lime.
• Th e ne twork' s dceeriprion ill o f size IK)IYlIlJtlli~ 1 ill Il l.
A problem X is said to he IiOlvll.hlehy lll wllra l ,wlwurk ir tl lt'rc' c·xisL" I\l1 a lJ!;"r; lh lll
Ax which call, fer lilly instan ce or X . genl'rat c" till' f"llrrt 'liJltlllliul!,; lIt'ura l Iwlwurk
in polynomi a l ti me. Note lh al slll:h a lIdwur k lIlay plll l'uLilllly lakl'l 'XlI'ltU'lll illl
t ime to reach a stable state,
Theorem S4 {(B G 90], P r oposit ion 1) If nil Nfl· /uml pmlJ{tfli ill ..." I'm"'I' I,y
a neural 'Idwork Iht n NP = fi}·NP.
IXI
Co ro llary 55 Nfl phy/o,qcnd ic infere nce (Jp limal-co.~I , given-cost , or give n.limit
JlJYJ blr;lII t:m m inul ill tlsi« Jhcsi .'i clm be solvfd by a neural ne/work IInless NP =
eo· Nf'.
I\ ltl' ruati vf'iy, ('ilch ~ 1.il.lJ lc s t.ate (all co rrespo nd to an a pproximate, rathe r than
;111 IIpt.illlal, solut ion, Many tradi tional proofs of approximabilft y [IlS78. GJ79]
n LII 1,(' trivia lly IIlmlifil>tlto show that cer taln ap proxlmations by neural networks
fur N P.l lIlr,l l' w hll'II1S arc lIut, possibl,' unless Nl> =co-NP [BG90. Yao92]. Indeed,
l il ly prolJf ill wldd l a ll op timal solut ion c a n be de rived in polynomial time using a
~iVl' Il lYlw of IIpproxim al!:solut ion can be so m odified. By ana logy wit h PTAS,
,I,'fim' II Pelynomlal-Time Neural Allproxi matioll Scheme (PTNAS) ror a problem
X i ll< a ll algor it l1m A which, given an instance I of X a nd an in t eger k . k > O.
1 1I'tI< I 1l (,('~ i ll polynomia l tlmc a neura l network that produces solutions whose
( ·UK!. is within a lector o f k of op timal. The follow ing resu lts stat ed above can be
n'phr nlil',1 ill h ' tl llK of appro xlmab illty by neura l networks :
Corollary 56 T/,r fo flo llling hold:
I. If II/o r i.~ II J'7'NASfo/'SOL-MAX-~SAT then NP "" eo-NP.
• • TheIr IIOf f! /1 01 f .risJ II PT NAS/Ol' any MAX SNP-hardproble m un less NP
=l'o-NfJ.
."1. 'fil m criet e 1111 { > 0 Sl l d l fhal, if SOL-MAX·CI.IQUE has a relati ve ap-
jJlYl.rimalion ofII' by !I Ilfllr al ufl work, Ihr ll NP= co-NP.
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Proof: Proofs of (I} flnd (:1) [sketch]: Construe\. till' ('xill'l-~tll11l ioTl neural
networks fo r every problem in NP fr um l1J<' Il ~~nnll'1 1 I" I'NAH fClr HOL-l\IAX ·
3SAT lind SOlrMAX-CLIQUE hy using the gl'llI'ri e rt'I1J\("titll\lI from nil 111 11-
guages in N P to MAX·:JSAT lind l\'1 AX-C Ll qUl~ p;iVt'n ill till' I,rip;iual l' l"Uufli
in [ALfl.ISS92 , F'G LSS9l] as nenral IJ{'lIvnrk dl'lIrri pl itJ lI" 'lll'o di ll~ lIull 'Illlut,i"n-
decod ing functions. As NP.complete problems IIrt' hy 1II'liu it iull NI'-llllrd. lilt'
result s hold by Theorem 54.
Note lhat unlikethe proofs givenill [BG90, Yinll:l ]. tl 11':«' prtlof.lIdo nnt illvulvl'
dcrlv iug optlmal -cost solution neural networks for SOL-MAX-:lSA'1' lIud SOl...
MAX-CLIQUE from their respective PT NAS.
Proof of (!!): Note tha~ Lrcductions preser ve PTNAS-II 'pruxillmhiliLy as wl·1I
as P 'T'Afi-ap p roxlmebltity, •
Cor o ll ary 5 7 No phylogrncl.ir. i llf rrn u r o//ti m al-ro..t MI ,IIi(", J}l"fIMrlll ";rlll/ l il/I'II
ill this thesis lias a P TNAS unless NP = m-N l'.
A cons t ructi on similar tn that. in Coro llary !ifi can also hl! u s(~1 tu show t.hat lUI
MAX SNP-ha rd problem has a randomi zed PTMi (IWTAS) [ItS!J:l, I<LH:I], l.e. a
PTAS which (or each (,0 < ( < I, guar~lI ll'es a solution wlth 1I11~ mt illi f('f l m.~ l
with a t. least probability {I - z}, unless R =NP IJlIMJ:.l, II. 1'.i 1!J].
T he results in this secti on ap ply only ttl tile rost rieted f:l 1\.~S urneur al llf!l wmkll
consid ered in [B090]. Lessconstrained tYIJL'f'l of neural rwllm r ks ruay j·xil'lt. for
1:1.;
tlll'lW I'rohlc~ltls; for example, .Iagota (.Jag92] has designed asymmetric-weighted
II/'uralndworks for MAX.C LlQUE that perform extremely wen on average.
5 .6 Summary
TIll' known l1wurdkil l allcl algoritlllllir lower limit s 011 epprcximebiliry for the
IlllyhlW'lll'tit: i tl rl 'wl1 C1~ problems examined in this thesis arc given ill Table 24.
TII'III.e;l l tlll' IUll;if -rllrllllllal.iollof approxilllahility has produced the most drama tic
results , tl1o' varicl1ls thccroms der ived using the work of (0.179, 1<rc88J should
nut. Ill' d i s ll1 i .~S I ·d , us these theorems estab lish a tenta tive connection between
vnrillus tYIII's of approximability alii! the levelsof the function bounded NP query
hierurehy. Though 11 11' rorrcspondence is not exact ([I<re88, p. 492]; [e p91, p.
2·1:lj), 1.Il1'rl' is it patte rn of epproximahility anti non-approxituability (sec Table
2!'i). T his paUI'fll11HlY lL~StlI1lC greater slguiflcance in the light of future discoveries
uf !owI'r limits on epproxl mebility.
'1'111' rl'suhs 1,110\'(' imply that polynomial-time algorithms whose approxlma-
tion hUlIlIIl.~ hold uvor all 1Ilstal1('I's do 110texist for any phylogenetic inference
llplillH1 I -l'u~l solution problem Ior any or the closest types or bounds [l.e. ab-
~Illull ' "l)prnxilllatioll. FPTAS, P1'AS). These result s do not invalidate either
\'xi~(.ill~ Ilhyloll;('m'tk i llrl'n'lln~ approximat ion algorithms or phylogenies pro-
(IUl't'll II)' Ult'~t· algorithms - other kinds of fast approximation may be possible
(i>.~. Ilsyml,j.ol ic" approximations. whose bounds hold for all hilt finitely many
I Ap llrm:l111llhility
I Thcorctirnl A p;mitlI11ll-
Low"T Limit 1. 0 \\ " ' 1" Limit
Phylogenetic WI.. WG, Fi 1( 1 - p;:j) I
Parsimony t TPI. app., T!' I . npp.
cs, Do, or,G(' ,> 0
Character 1/' ret. i1pll., ()(r,;r.;l
Compatibility f >() fI'I.;,pl'.
Dista nce Mat rix FUIlT(PJ llo()(I'f}{jf)HIo:<,;,pp .•
F'ilting 110 FPTAS
All Others e rol. npp.,
,>0
Table 24: Approximability of pl1ylogl'll,ti.. iufe'n'III'j' optimal'nlsl HlI)uliull (Ullt'·
lions.
AlJsolllk II.ppr<lximaljtllls
v(logfl) rJ(,w1.'1) (J(JICIIII) FP'I'AS PTAS
pp 0 lln + I'" X
-
X X I
F pN I'!O\lollnll X X ., X v'
p p,NP X X X ., v'p~kp X X X v' v'
X Whole r1a~s is lIo11·appmximahh
.j Members orcla.~s are i1Ilproxirnah l".
Approxinrebiliay not relevant.
Table 25: Non-apprcxi mebllity of varloux II'vd s or tlw FlIlId i"n U"llllllr'(l NI'
Query Hierarchy,
f Applies only to complete problems.
illstil.ul:l!li;suhexpnncntial-time approximation ), and phylogenies derived from in-
sl,Uln ,s I~U {:IIIl 11tNI·J ill pradir.n may he among t hose that ar e d ose to optimal.
lI owl ~ v( ,r , ill any application such as plr Iogcnctic inference in which the degree of
uptilllil lily llf iLpproximate solutions is important (sec Section I), no approxlma-
l iull aJ~lJri tlll ll or soltJt ioll produced by such an algorithm should be t rusted un til
an alysis tills SIIO W Il exactl y how good an approxim ation tha t algorithm gives.
6 Conclusion
Icrcnce decision prohll'1lI5 studil'l:l to dat r-. Wit IIin tl,i ll (rlI ll lI' wu rk , I l l im - <lc,t i", ,1
various bounds 011 the cval uatkm , solutio n, 1I'illll1illp;. !' Il ll lllc· rlltiull. lIml r..1I11.. m-
genera t ion versio ns of t he opt im al-cost, g iVt"ll -m s l , lIlId p;iw ll· lillli t phSlu,r.:c·lIl·lk
inference problem s. I have also de rivedlower htlll lll l ~ UII tl lO ' IlPPw x;lIlillJilil.\' u(
phylogenetic inference solution problr-ms. TIIl 'l'l ' 1l 'lllll l 1l an ' Il U11l111.. ri 1A ~1 i ll ' Ii,lol,-
20 and 24. These results show YI'l again llllll I h ·l·i .~iuli pwhlt-IIlS nJlIl'l'i ll mnuy
facets of the complexity of thd r IIndt·rlying optim i":iltiull pruIJII·lIls. '1'111 ' I'Ullll'l,·x-
ity of more com p lex vers ion" of opl illl izalioll\ lw hlt·llllilll,tll ll.ll", ;UVI"l\,il!;ill"{! n"l
only to better A!§('5 S t he t rue difficulty of tl l(' 1I1111c'rlyin,; l,ruhll'llHI. hilt " ISH 1M"
cause such complexilil'll may Il1tV l.' ralllifif"iltiulIHfur huw dUSl,Iy t!L.'t't· I'ml>l''111H
can be approximat ed by rast algoriUull!l.
futu re direetions for IeiCard l arc:
• Determining the precise eoruplcxityof J1lly lu~" Iu-lir.iur" I1""1' ('vahl1!.ti,," i11111
opl iml\l-CO!'t solution Jlrohl '~ll1 s . Ir t !l''!Il'IUl,I,lI'' IlH .111' I'tlJv/tJ.ly ";Il'i,'r 1I1;1I1
p p m' , more cl asS (,-'1lWilllll'(~ to h(,~ clc'!Ir.rilll',llM,twc'1'1IF I 'NI ·[(J ( ~ ....l1 atul
FpNI' , Such a sel ur dilNNI!Smiglll bd"ug lc, till' rundioll anal,,~ ul ' "r 1.Ill'
hierarchy develupc!./ in (CS92J,
• Det ermining t he pr~isc "Jl nl'!l'xily " r I'l ryl"~. ',,,.(ir illr"r"IIl"" S I';lI l l1i ll ~ 11I1.1
l'III111ll'ra tiC/lI JlTlIhll'l11s. Th is may he possible using cl asses from the hie rar-
ddl~S of flLlld iuliS ,ler ille, l in [l<rl'!J:la, LadK9, Wllgl{86a, Wag K86b] .
• F i ll '( i ll~ al~l)ri ll llns wit h gua ranteed relat ive a pprox imations for t he dis-
t allfl' matr ix Iiltillg pmblems and t he remainder of t he phylogenet ic pa r-
simony I'w hl"tl ls. The l alh~ r may he possible by recently-developed alga-
rithms that huproveou 1Iiat givell in lKMB81]i see [BIl!)11 ami references.
• [),' rivillg approxlutebility results Ior phy logenetic inference given-li mit and
p;iV(' II-C'u~l prnhh-mx,based not Oil a lgo rithm s that guaran tee so lutions or
iI p<lr licillar ClIst hil t a lgorit hms that an' eit her polyuomlal-ti tue or co rrect
UII 11 11but SC>!11l' polyucmlally -bouudcd su hsd or the ir instances . Sud I a
Irann-work is Ibcri lx'c1 i ll [Scll1J86, Section 3) and (HDODO, Section 6J.
This rral1l1'work is al so a pp lica ble to op t imal-cost solut ion functions.
Ik sllils From tIll' g rowillg lit t' ra lUTI' on computatio nal lear ning theo ry [Kea90,
I.V!Jl)iI , l\.lI I.1K!Jj a nd t h(' ClJ1l1(lllta l ionaJ complexity of loca l sea rch heur istics
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, /It '" Lr-rtnn- ;';'ol.·s ill ( ~Ulll plllN Sf'i"lln ' IIU. ,j l .'.i , Sprillg, ·r· V,·rlag.
jYll,,!I:l] Yan, X. Fi lll li ll~ Appmx iHliltf' Sulu l iolls to NP-Iuml problems by




A Phylogenetic Systematics a n d the Inference
of R eti culation
fr('(IIlI'nlly a lllllll ~ illl i m i\ l ~ , 111111,1), ill hit, ls llucllisl••'lI I<:r;l,'ll , 1'1'. :.!ll:! :lll ll .
Jll i1I1L~ illll! illl i lll ill~ (1;1'(' (n ltA!tl} 111111 n ·rl'Tl 'l lrl 'll ). '1'111' l'vulul iu llnry siJ:lIi1if"iIllI"('
been viewed M men ' llui...· un tl... 1l1l,1r-r1yill~ sul"'ltaL(' fOr .lid ''' '''IIIU IIS "v" l l1-
t ion (WlLg\V(i.Rj. as a ll illll )()tla lll (u rt l' in l,art i'"lIIItT Jl:T" llpS al l' ilrt i,'II!;tr li lllf'S
{Gra81, pp . 17!1-1891. ami a...s llll ~ Ilomil1llllL rurn ' ill 1,11I1lL I'VlIlllliull IS1;,C7r"
Infereno- is cmcial tc many inv estigators.
There arc mAny t rl\.lilional I.i"!ngiral hf~lI r is li l:'l fut r''''IIl!;lIh:illl1, i ...livi'[lIl,1
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illSlIlIWf'S flf liyJ.ri,lila tiuli il1ll1 T/'f"UIIII,illiiti nn, 1,a.·.;p, 11J1I t!lI' intr-nuediate na-
lli P ' " f till ' l' r"' III...·<! dlilriU"II'r -s tllt l'S allll \,iItiulis a t.trilmt l'S uf t ill' proposed
IlylJri,1 illl,l its l',u f'II1 slll'f"i,'s v.g . p;I'up;rilpllk11 flis l tilml,inn. pan'll tl1! inter fer-
l ility. ")q"'rillll'llt i,1 n··r n 'a l,iull uf llyl.ri,1 [Grat\! , Sta( " '"' ]: SUIll /' of till's !' houris-
lif's haw 11I ~ '11 1'<"lf',[ ilS l\llm,·rif"alll11'i1slIr"s (hy/H'i fl illffin s) HGraK\' pp . 10; -
:.!1lI]; (SLid:;,), lIP. 7,1 l'l<! ll, 1( 1 ~ "l'l1 tl y, Il!p;urit.hllli<'llll'tho,l s ha\'" b'''''ll proposed
rur ill r' 'lT illll, ll}' ], r i, l iziltiOl1 I1Ucll 'r t lll ' l "um l' lltilJili ty {Snl'7.'ij, maxluuuulikelihuod
1I",'1,'i1. l,al.X1]. IIIld ph}'lop;" II"ti<- parsimony (FuI1X."J. IIl·i!JIl, L" I'M!'!. NI'ls:t PhiS-I.
TIII,X1, Wilj!,WXU] ni"' ri'l. TI ll' f" <'Ils i ll t his appendixwllll«- Oil tlll)S(' 1I1l'1.ho,ls
1\ 11known pill 'si l1IUll }'·IJil Sf'lIl1l1'tIIOds infer hybrhllzntion usin g the characu-r
n JIIllid , illdul'I'll l,y 1,}'llrids. In a I'hylogl'lII,tk parsimo ny analysis, tl l1'Lheoret.ical
1,, \\" '1' lhuit un ..ost is l,ha1.\'I]('h r hilTiI(-t l'r-statl' lrllllsilitJllevent nccurs UIl I) ' once
i ll , I In 't'; lilt' pu rt,illn uf 11 ltl'I"S rtlst ilhuv(' this theoret ical minimum eousists
or Illldit.iollill li,l'put hl'SI'l; (If t'lwTilt·lI'r-stalt· transit ion (ll()m ()/lI(l ,~U) which arc re-
' 1IIitl',1 III t'xpl;li n d w r;ll"ll'r statl'll th a t did net adsl' only 011('(' iu t hat t ree . The
pll,vlup;" lIl'1.iI'IJarsil11oll,l' rrjtr-rion, in pn-fcrring trees o r minimum cost , minimize s
IIlllllu plilsy. WI1I'1l li lt, IJtlss ilJilit}' o r e rror in character analys is has been ruled
\J1I t., hUll1oplHs)' is 11 sign that evolutlo uary p ro cesses not belonging to the single-
trnnai tiou, dk'hctotuous-spcci atlon model have occurre d. Reticulation as defined
;11t his 111l'sis rom pr ises 0111' eurh set of pro cesses ,
ICiS
Following [ ]··'l l1~,'iI . ,,11 l'ilr~ ilJ1""y- I 'i,sl',1 " wlhu,l s rur inr"nill):;hr l'ri ,lizilt i,,"
caulw(')a,ss; fjl'c l illiu lh rl'l' llJlprlllw)I"S. <I"I " 'II,I;II,L:lllt howl lu'y Cl"i l) \\' ;1 1. 11lI,l\,, ·
I , lnr!II<!, ' r"t i('ulal i' l!\ jmplil'il l,\'vi;, 11i" lltltllupIHs,\' in tlu- IIhlst 1IiI 's i'l llllli'llIS
tnot' 1 l\1'~ 1] .
has is orIUllllfllJtilS,l' ill t ilt' lllllSt. piltsilllOlliull,S I t" f ' I \VH p;\V~n l .
hyb rill luxa li S 1I1 '(','ssilry ..ither "u rill,!!; { l'hi~ ,I J III'art,'r l l" llll~.'i. I.....-xx, N"lx:l,
Tho.'!:!1analysis, 011 t h(' hasis or IUJlllflplnsy.
Each or t ill's" app roaches 111L'! inlriusit- ,liflil'lltl ic's lwf'lulSl' I'l'tkIl JlIl,i" lI nUl IH' d 'M-
acte rized by a wide vari('ty orc1lllrlll'tl'r-slnt" I'illk rlls, 1>,,1,11 wit.hiu Uw pru f!lll'l·d
tax a and within any uon-rctleulau- t n ...' indll .lill,l!; t lll':w Lnxu !I,'lIl1x:•• 1I11 tllX;I,
Mc,D!lO, Sl.aC7:,j. Mntl '()w r, th,!St, <tl'Prua d lt'J1 an' nul sntisr"l'lury for .b-tln-
iug critcriou-bascd problems 1 1t'('IU I St~ tlwy an' hilSl'l1 UII !ll ll'ri li l ~ .,Ip;uritlll llS '1II,1
heu ristics [see Section I).
Th ere are lJoge llcral (li fficu ll i l!.~ wit.h i llrl!rr i ll ~ rdinllati" IlIISin,l!; t l"' II1<rsim' /lly
cr iterion: reti culatious remove l,olllUplasy by lluiryillJ!; tl](' "n~ ll rn~rWI · " r SI'I'wiuJl,ly
lneom patiblc character-sta tes lute 11 Sillp;I' event, aml 1:1111 tlllls III' pUlk,'" (as 1m '
] (j!J
1 1 " ' l'~ l l ,y lIw ", '('n'as(' ill 1 1 1J111f1phL~y l l.al l lll'y i llllll f " . However. t!lI' f{' a n' sr-vera l
SIH'(' ilic , litliclllt i,'s,
I. As IIl'l'r"I' Ti<l !.(· n-linl ll11,jOIl "lin tI' l' tI'sl'lIl any 111l11l11l'r of r llllr l1rll' T-slat.'
I,rallsil.iolls ill ( , I ll' 1'\'('111. llllllllllllf!l',1 n'tir lllll(ion tI' 1Il 1 ( ' r,~ dir-hotcmons Spl'-
";,Il;" n ir n'],'\'illil iIll,1 Illl' phylllJl." Ill't ir par,~ i lll llllJ' r-rlu-rion Illl'<IlIillgll'SS
[NI'X1.PI'. '.!17-W ol].
., A ,~ hlllllopinsy is IISI'fll o justify 1Ill' illlrlit iull (If l'l,tk nialiflll, it is II Il longt-r
pussihl,' tu liS" lllllllllplilsy , IS , l Si ~ll uf possillh' l'rtIJl' in r-ha rartcr <I1Ii11)'-
.~is Mul mdi np;[Lln- MS\'l f- i ll u ll1 i ll lltill p;~ pw pl'rt)' of phylogl'lll't ic pa rsimony
illlill,r sis IWiIXI. p. 1:10]).
:I. II. is uunh mUT(' difficult to infl'r phylogl'nil's b)' handusing 1I1'lluigian argu-
111l'Ulill ;1I11 [Wil.sl , WSBF!JJ] lIr II)' a lgon t lun 11']"'11 Tl'ticlilatiolt is a l[owl'l!;
l11Un~ '\·I 'r .l lll' I' Tu,lur ' OfI phylllgl'uil'" cannot Ill' rea dily IIs!',1a s the basis for
11 ;,' rilrl·hin lI LiIl111'ill1,.[,lssifiriltiolls uf sIWd l'S.
T IL,· lirsl h\'U of IIIl 'SI ' dilli"nlt k s IHI ' act ually guidelines for t he formulation of
IIs..ful ....ll1pul,ntiol1lll pruhl"lI1s. B)' ( I). a proble m should unly he able to infer
it lilt1il,I',j amount ur wvll-dvfl ucd reticulation (or a glveu instance, and this limit
«hould hi' 1I11,I" r the r-outru] of th<'invesflgator, By (2), such a problem should
only Ill' ill\'uk"fl itfh'r a non-retic ulate <\11 ,,1)'818 has been performed to de tect
pUS,<illl.. ,'Hurs ill character coding, nnd 10 determine if t here is a ny homop lasy
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The n -ti rll lah - " n lhll-III "dwlI\ala , 11'li')l~ 1 ill St~'li"l1 :I.:!. I "i1 l i s r~'l hl - l i ",,1 ,""II'
clitio n aho n -, all, 1 a JlT1)l"."tlllr .- pall . -tll l~1 ;,r " 'r II'M ~i\" '11 ill P;'-!s:~I, ill Wllid.
l"t'lku lali ll ll!l an- all(II..I II I1l' ill iI l ill lt' I" I I u- 1II11:'i1 p;lr Sim ullitlll S lr.~ - sud l IIM I
II Il' homupl" ,,)" ll'ln u \'I"tl wil h l'ill'll inSt't l inll ill lIl il ~illl; ;l. I ~I , will satisfy t i ll' "<I"·" u,l.
SI.r!l it pro n 'llm (' Il "i ll ~ tltl 'SI' "d ll' l l1a t " wnnklIlilrl'r rrllll ' tll;ll . i ll IN,'\X:I\ il l Ihill it
wonld br- tlhlr- ttl .~I'lln'h m '('r till' wlm !I' SIIOlI '( ' uf III'l,i1;I!,I,' tl'lin ,ll' I" llhyl" J:;,'ui,'s.
uut [ust Illll sl'lli,,1 ca u hi' n 'I,ri ll"! I,y :u1,li l iml s "r ll,tio'ul;lli"lI It> 1111' m, ,,,,I I,ar si ·
IIlIl11iou!I non-reth-ulate I'I.y lop;(·l1y, aml ili a)' 1.111l .~ 101' 1,"1,' II>li'lll 1,'S." ,," vi" lIs hilt
("tl'lltll)'validwllll io ll!l, Thill 1'1lH'"I "thlw is IIIJ I i lll llllllll' l.. tlw l.r .. I,II·I1I".lis... ,s r
lllJO\'I' o r rC'f"lIgnizillll: ti ll' pa.l1l'rlls or IllJII.l>l'l ils.v 11"11 ill 'I.ly wl irlllitli"II, ur t l...
possibility t hai ti l'.:' OhrN \·f"tl llllll1l1l,lasy may lUI\"('lIUlC' t l'illI.o;('li I ·,~. 1II1IIti/.I'·SI" "
eii!.tio ll , rcologirlll('o llvl 'rg('lln' , or till' illdllSiUlI o r 1l1l....,. l r/l1 tala ill II .., ~i v.'" b~lI
(NP8I, p. ·,mr,j. Mllft 'Ov('r, thi!! IIT1H'"("tI"T1' ill 1I1IlS1'lIIl1c·h /l 1ll1·tI .... 1 rUt I'r u,I""; Il"
ph ylogl'llct il: l rt'C:I i\S an ili,1 Io r l~x"l"r iIlR ti l" Spilll ' lIr phyl'~I ' II "lil ' hYJloIIIl' S1'!l.
Howe ver , this is rOl1l\lstc llt wuh lhe v il~W lffiilll t lm l ~Yl\ l.l' llll1tinl l l ll''l\ !l il t ~ I Illlld l
der ive evolutionary history as olualn stlrrl's~ iVC' ry Ill'ttl~r lLPl'tlJX111HlI.1l1l1l\ t.II il .
T he beauty a nti power oi t hcs e reticulate I' rlIh l(~ tl1 l\c :II ( 'l11 ltta ill t l lil.ll l ,, ~y . Iu lllll
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iuv,'sliKl1lllrs to tid illl' rd ir llll1li IJII ('I"'llls 111lllropria te III their nee ds, and r('II'
,l"r.~ tlu- n Jrr"spOllflillll; i\ P-f""lI lpl,·t'·IIl'SS prollfs for xu..h prohl-ms Ir idal. Ollll'r
sd "'Il Hl l ll lllil,\" I", dd illf'fl by all"will,!!; wf'i,e;llh·,1 reticula t ions or polynotnially-
l"um,I",1sl'ls uf furhi,Jfl"1I t!'l i'"llll,li oll s.
I'd i,"ulill, ' " \""lIts ill IJhy luK"lIl't if' sys ll'1l11It k s. lJ:rl ll'rllrrS Iln/vid,' 1II1ifil'l! repro-
s, ·II!.;,li o liS uf nJllll'h'x f' \"ulut iolla ry pJII·/lOIl1l'IIa. i\.ltJrl'll\'l·r . surh 11 form alism will
lI!ilk,' l lll' rl .. · . J~ lI i lj "" am] lnl1lsfl'r .. f t!·ll·WIUl t!oslllts from othur fid ds eaxir-r,
'I'la- NI' ·n Jllll'ld " lIt'SSrl'slIlt.s given iu t his 1,11l'sis an ' fi lII' I ·XlII llllk ·. O f perhaps
mUt!' I'n ll' l ir ll! ' ISI' 11'01111 Ill' till' IIpplkatio ll of work done ill t1atllbaSl' design
fAIISXCi. ANI!jO,BFMYX:I. FagH:l lo algorithms for ronstruct lng reti cul ate phy -
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B The Computationa l Comp lexity of Phylo-
genetic Pas-simony Problems Incorporating
Explicit Graphs
Cousidr-r tlu- following l!1'risioll wu llit' lll:
uewcu.ureu D I NAII)' WAc; N~;1l P,\ n ~IMONY WITH Gn,\ I'1I (tr m r ll l
In s t an ce : I'u~iti v(' iUte-g' -f II: gmpll (,' = (\'. !;' j, wlll'rI' F "" {II,l 1" lItul /.,' ""
{{Il,, ' }: II," E \I and 1/ ,lillI " clirfc 'r ill " xil l' ll, \' "'ll'J!us it iUlI} ; ,( sul,.""t .... ur
to, Ild: and a positive i nt l ',!!;'f IJ.
Quest io n : Is 1l11'rI' It phylogeny S,l l i s fy i ll~ 1IU' W ill-:Ill ' r l,h.\,lujI,l·llPli<' parsilll" ".r
crlterion tha t iud u.I"s ,c.,' nml 11m' 1 1 ·1l~ 1. 1l at lIl u st In
T his problem tlilfC'!1ifrom prohll'llI IIBW (1,'Ii ' lt'l l ill S.·d iun :L !. l Ly illl'111 tlill,ll; I,h,-
fl-llillll'ltsionat gra ph explinikly in its iuslallCl'. Buth of t l1<'l«' pm llll'll1s lire' in NI' ;
however, VBW has l J t' I~1l SllOWlINI'-rompld t' { IJ./S ~ f ;. (:FK2j, mullin ' nlllll'h·xil.y
of UaWe is unknown. '1'11(' rOIHllo:'x ity tlr(IHWr; is of illtl' rl'st nut ' lilly 1 1C ~ ·ltll s, ·
it has been used in prOllrllof NP-w lIIplc·t!·IlC·ss [lJayH:lI, 11Ili.ulso lll'mll .~, · it wuuld
be interesti ng to know by exact ly how much the eXpflllO'litial Jla( I,1iIl~ uf ti ll' Input
insta nce with G reduces the COIIIIJlexity of lJBW.
To this cud, cons ider the following resl rir-tjolls nu u l,ltyloKf'lIl'Lk pars illlllllY
lSI :5P(d) Ior some: pclyuomialp, and 1101' '' 1') be lIle s ulJIJrohlr'm ur II fl ~s l ridl ~11
to instances such that a.d S lSI forsome constant c, C> O. TIm rorllll'r fl!slridjull
(:ullsi,I"T1,111' '"IJll1 1'1"xitil'Sd IIBW 'Hld t t IJWr;. As mentioned already, UBW
is NI"WIIlI'!" l"" H/f lllV,; is NI'-'"lll1pll'tc" then IIBW :5~;. (l B Wo;such a redur-
ti" n b ,lifli<- ulllll ViSllIllltl ' , IlI'f lllls,' it illl plil"~ t hnt a pr oblem on dimr-nsion rl f a n
I.., 1II111J11,',l lIlItll all equivak-nt prolll"111 nf dimensionO(logtl). Alternat ively, lll('
p"d ,lillp;iut r(J(lu"c'tl lJy (,' rnighl yi,'I,1polynomial algorithms via algorithms thal
suIVI' tln- pruhlemST EINER THEE IN GRAPH S (:wc Section 3,2.1). However,
all known ST ( : alp;orit hllls, inrlll,ling t1 1<JS" rrsl rich'd to rI-dill1cllsional graphs,
;,n' lilll'lll' ill 1(;1 and I'Xputll'u tial in lSI [Sny92, Win37).
11 'lIls urr- l"IUllputlltillllally "' luivlll"lIt L". (I IJwg c,zp) 5~, U m v n(u pj (discard G),
,Iud ( 1IJIVIl (u ,,) 5~, UlJIl'gl , zpl (add ( ,', which can he constructed ill tim e lin-
l'llt ill 1I1l'sizl' uf all instance of If IJlVO(,zp)), Both of these problems reduce to
II IJWa ; however. for n 'a SOlLS similar to those given above, it is not obvious lhat
l.1I1'Y un- I'itlll'r NI' -complete or ill P,
TIll' romplexit y of 1I1e third lJair of problems, UBWO(p.M and UBWg 1poM,
i ~ lIlt' most. interesting. The reduction from VERTEX COVER given in [DJS86)
3Sillrl' thiNIh....i~ w:\.. submitte d to the referees, I have found out that t he weighted version
tlf 11/111'11(I\rt llnlly, tht' weighted version of U BlV~( 'zP) has be•.'11 shown to be Np-ee mplete
[(;t1 ~l) 1. S,'(t io ll 6J. Whilt' th is does not innncdia tely ntrcct the problems eu mined in t his
", 'd i l'IL, iI Il L lIy l"' 1\ 8lim\l1118 rOr rllflhel l~ateh"
I j ·1
is actually to l' H l r OI,.."I. 1101 11 K\\"; ht·nfl ·. t' Hlr " t ,...,.l i ~ NI" ,·uIIII,ld t·.
P roof The illlpliutiull from rip;hl tn It·ft i ~ Irid al. Thc' ill1l" i..a ti" n hum 'I·n
to right rul1ow~ hy th i~ rOIlJit nlr l i" lI: A fC"tl ld i"ll (rum .111illJila lln' tlf I' 1111 ·",,..,1
ti m("1l 10 prmlurc all illJil11. lI<'l· Clf c li ll ll'n,~iu ll O( I I. whid , rau I,,· ,'u,h,,"tlill c''' I1 ,..II1 11 t
: NP. I
Corollary 59 lI P # Nfl tht n 1Imv:~,.,.4 'l i.• "uf NI'· romp/rt..
All opt imal solutionsto i"sta"~ lIf II HIVU';w, l aT'f' ur 'Ii" · IM,lYllulIlinl ;1\.1("' ...
Section 3.2.1), and honer-of size 1K)ly IQ~lt ril l ll"ic: ill t ill' ill UllfT· el( II IIIV:; ,,,,,, I.
Th us, UBWg l,..,.,1 is ill {l".,lrl"" till' c1a."ts Clf c ll "t ~isi ,," "",M e'lIls n"lu iriuK !lilly
polylogerh hmie nondctc rminism, which is p",II /lI,ly st rktl y ruulailll"tl 1", lw' '' '1I
p (= .B105,,) and N~ (= UIr~ 1 (I".) fDT!.IO, p. ~21 , Mllr'..JIII ·(', IJy (\J1~ 1>r1'yrll ~ '
Wagner STG algorithm {[Sny!J2, Sl,'Clion 2J (Win87, S,·diIl1l1.2!), II I1WJ.~ ( "'''J I is
in O(t1°Closnl).
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T Il"ro' is even clrr-urust antlal evidence t haI UBWg ' P"I¥1 is ill P. All (,lIfOlting
" f 'l ~ra"J J ( : = (V, H) is SlIf'f';"'" if it is rlsiZI' polyluga ritlll llir in /VI{GWH3]; a n
"XalJl'll' uf s ill'll 111 1l' lIl'lI/linp;Lsn )loly lop;arit lunica lly siz('(l cir r uil t llat computes
lIw a, ljlll"l'lIf j ma tr ix fur r:.Th llngh (J fJW(J(pol¥} tim'S not expli citly in corporate
au l ' r ll'lIl1ill~ of r:. ii,s problem lnstanrr-s will a lways Ill' o r size polylogarithmic
ill (: ; 11I'1ll'1', [ l fJIVo rr"' vl r-an Ill' roushlered as the succinc t ly e ncoded version of
{"HI':ih•Jd. 11l 1!;"III'fa l (d. [LW!l:lJ). surd nr l cnccdings I!ITcisd y cxporwntia te
1111 ' tinn- I'umpll'xily ur ~riIph problems e.g. th e succinct version of u. , t rivial
~nlph I'rupl'rly r riacncc Ilf a tr ial/gil' is NP-lJard [GWB3. Th eorem 2.1), and
t i ll' surrinr-t. versiuu " f t ill' Nlt.romph-te prob lelll :I-COLORABILITY is N8XP-
r ump]l,t ,· [PYHli, Corollary]. If a problem n is P-hard via a certain type of
fI·,hwliull f"0I 11"11a ".....jr r / ioll [ro m the Circui t Value P roblem, th en the s uccinc t
",wu,HlIp; version (If \I is EXP-llard (PY86, p. 18<\]; if , in turn, the succinct
!'1lt'1Il1i ll Jl; versiou of II is Nlt-complotc, then P '#NP.
Coro llnry 60 If {}Hw2C1oal/l} is P./'a nl "ia a pI"ojr t:lioli from th f Cirel l it Vallie
l 'roMrm./hl'" 1' '# N /'.
MilllY r-lassk-al polynemiul-titue reduct ions can be easily made int o projections
[I' YNli, p. IS:'.]; this may also be t rue of the log-tim e red uction s used to es teblisl ,
P· lrnrthll'ss. As P '# NP probably cannot he proved in our sta ndard system of
ItJJ:k [eJ.Ii !!.p. 11\61. it id unlikely that UBWg (P"i¥} can be proved to be Pvhard,








Figure 13: Reducti ons amo ng implicit and explicit gruph lhllVl,iV;hk tl Binary
Wagner par simon y decision problems. lkd llclioml ll :5f" II' an- tlt'nu!.e·,ll ly lIrruws
from n to Il ' . T he ab brevia tions Np·C and NPI stan d fur lIU~diu;sl'S NI' ·rulIl ll fd ,t·
and Nl' -intermedla te (= NP - (P U NP.C)), rcs prv-tlvely,
The known relations among problems l~lml1l i llCd \11 t his s l,('tiu ll Ml~ 5111111I1'1-
rized in Figure 13. I conject ure Uml lJ lJ wg(""'~J is in l' .m,l tlUlt umvur,..-,·),
To Ill y knowledge, UBW:j'""I~) and U JJW()(P"J~) arc tlu ~ only pruf,lt'llI-p;Lir N1Wh
that the compl exity of the succinct Cllcotlillg vorslen i .~ known hilt till' nJII l fl l, ~x ily
of the full graph version is unknown. This ill i1.:ilM " mkl':'! ,.11" 11 1 , :r.ll<r i,Jlll, ·.~ f"r
further research.
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